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Iterative multireference conﬁguration interaction (IMRCI) is proposed. It is exploited to
compute the electronic energies of H2 O and CH2 (singlet and triplet states) at equilibrium
and non-equilibrium geometries. The potential energy curves of H2 O, CH2 (singlet and
triplet states) and N2 have also been calculated with IMRCI as well as the Møller Plesset
perturbation theory (MP2, MP3, and MP4), the coupled cluster method with single and
double substitutions (CCSD), and CCSD with perturbative triples correction (CCSD(T)).
These calculations demonstrate that IMRCI results are independent of the initial guess of
conﬁguration functions in the reference space and converge quickly to the results of the full
conﬁguration interaction. The IMRCI errors relative to the full conﬁguration interaction
results are at the order of magnitude of 10−5 hartree within just 2−4 iterations. Further,
IMRCI provides an eﬃcient way to ﬁnd on the potential energy surface the leading electron
conﬁgurations which, as correct reference states, will be very helpful for the single-reference
and multireference theoretical models to obtain accurate results.
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I. INTRODUCTION

Single reference wavefunction theories beyond
Hartree-Fock approximation such as single reference
perturbation theory [1–11] and coupled cluster theory [12–15] provide accurate ways to calculate the
molecular ground state energy as well as the molecular
properties [16–18] at the geometry near equilibrium.
However, these single reference theories will break
down if the molecule of interest is at quasi-degenerate
excited states or far from its equilibrium geometry such
as cases of the formation or breaking of chemical bonds.
For these situations, the wavefunction used to describe
the molecular electronic structure must have at least
some multireference characteristics.
Multireference
conﬁguration interaction theories (MRCI) [19–34] are
developed along this line.
All-electron full conﬁguration interaction (FCI) is size
extensive and orbital-invariant [35, 36]. Its computational results are often regarded as a calibration for
other wavefunction models. However, due to its large
computational cost, its application is limited to small
molecules. Werner and Knowles proposed internal contracted MRCI to reduce the computation cost with the
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accuracy loss almost negligible [21]. Feller proposed
an iterative approach to estimate the FCI energies at
complete basis set limit in 1993 [22]. Recently Liu and
Hoﬀmann [26, 27] discussed possible ways to obtain the
electronic correlation energy in strong correlated systems and proposed a novel iterative conﬁguration interaction approach (iCI) whose energy converges quickly
and monotonically from above to the FCI. Liu and Hoﬀmann [27] also discussed the relationship of iCI with
the ICI (iterative conﬁguration interaction) theory by
Nakatsuji et al. [37–39]. The heat-bath CI method of
Umrigar and coworkers [31–33] is also similar to these
approaches. There are two key stages in heat-bath CI
method: generating the variational wave function and
energy, and computing the perturbative energy correction [31–33].
Despite the huge progress made in multireference theories, one often ignored problem is the correct guess of
initial reference states, which is in general unknown in
advance except the reference state at equilibrium. A
correct guess of the reference states is essential for the
multireferene theoretical models such as MRCI to get
results with a high accuracy. Due to this reason and
also encouraged by the promising results presented by
Liu and Hoﬀmann [26, 27], an iterative multireference
conﬁguration interaction (IMRCI) with a diﬀerent updating procedure is proposed in this work. Because of
huge computational cost of FCI, the purpose here is to
investigate how to achieve certain target accuracy such
c
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as 10−5 hartree with a ﬁnite computational cost. The
eﬀectiveness of IMRCI has been tested with H2 O, CH2
(singlet and triplet states) and N2 . Comparison has also
been made with various theoretical approaches to show
their relative performances. It is also shown through
these examples that IMRCI provides an eﬃcient way to
ﬁnd, on the potential energy surface, the leading electron conﬁgurations which will be the correct reference
states for both single reference and multireference theoretical models.
II. THEORY

Multireference conﬁguration interaction starts with a
set of p reference functions expressed as follows:
{Φ1 , Φ2 , Φ3 , . . . , Φp }
These reference functions may be a combination of
Slater determinants with the expected electronic multiplicity or the so-called conﬁguration state functions.
They are supposed to have important contributions to
the true wavefunction of an atomic or molecular system
under consideration. All possible single and double excitations from these reference functions are carried out
to construct the rest of the conﬁguration functions. The
wavefunction of the system is supposed to be a linear
combination of these conﬁguration functions, the combination coeﬃcients and the corresponding electronic
energy are then determined variationally. This is the
so-called MRCI single and doubles. For simplicity, it is
abbreviated as MRCI.
The eﬀectiveness of MRCI depends on the choice of p
reference functions. Usually there are three schemes to
achieve this goal: (I) ﬁrst perform a small truncated CI
calculation such as the CI with single and double substitutions with respect to some leading conﬁguration
function like the electronic ground state, then choose
p conﬁguration functions with the largest absolute expansion coeﬃcients as reference functions [22, 39]; (II)
the preference functions are chosen according to their
energy contribution determined by the single reference
second order perturbation theory [26, 27, 41]; (III)
The p reference functions are constructed with N electrons distributed among Mactive orbitals in all possible
ways (the complete active space, thereafter denoted as
CAS(N , M )). MRCI based on the three above schemes
works well for molecules at the geometry near equilibrium. However, it may fail for molecules at geometries
far from equilibrium. In this case the leading conﬁguration function might be some excited state which is
in general unknown. Therefore, the schemes (I) and
(II) may lead to wrong reference functions based on the
wrong initial guess of the leading conﬁguration function. In principle, scheme (III) may produce the expected leading conﬁguration function if the complete
active space is large enough. However, this is not an
eﬃcient way since the dimension of the complete active space will become very large as N and M increase
DOI:10.1063/1674-0068/cjcp1905094

and the corresponding MRCI calculations will be very
expensive.
In order to improve the eﬃciency and accuracy, IMRCI is proposed. The iteration procedure is expressed
in three steps as follows:
(i) Choose an initial set of preference functions with
scheme (I):
(i)

(i)

{Φ1 , Φ2 , . . . , Φ(i)
p }
where i denotes the i-th iteration.
(ii) Perform an MRCI calculation and determine expansion coeﬃcients of conﬁguration functions variationally.
(iii) Select a new set of p reference functions with
the largest absolute expansion coeﬃcients. If this set of
reference functions are the same as the previous ones,
the iteration will be stopped. Otherwise, return to the
second step and start a further iteration until the p
reference functions remain unchanged.
If a better accuracy is required, a relatively larger
size of the reference space should be considered and the
procedure starting from the step (i) to (iii) has to be
repeated until the self-consistency about the reference
functions is reached.
III. RESULTS AND DISCUSSION

In this preliminary test, H2 O, CH2 , and N2 are selected to investigate the eﬃciency and convergence of
IMRCI. Restricted Hartree-Fock orbitals and restricted
open-shell Hartree-Fock orbitals were calculated with
GAMESS [42]. MRCI, IMRCI, and FCI were performed
with MELD [43] and programs in our group. MP2,
MP3, MP4, CCSD, and CCSD(T) were calculated with
Gaussian [44]. The 1s core orbitals of C, O, and N are
frozen for all calculations presented here.
A. H2 O

Three types of H2 O geometries are used in IMRCI
and MRCI calculations. One is the experimental geometry with the bond length 1.809 Å and bond angle
104.5◦ [45]. In order to make the wavefunction of H2 O
have some multireference characteristics, the OH bond
length in the second geometry is stretched to be 2 and
3.3 times the experimental bond length while the bond
angle remains unchanged. For convenience of discussion
below, these geometries are noted as geometry I, II, and
III, respectively. The basis set is Pople’s 6-31G [46].
Computational results of MRCI and IMRCI for H2 O
in geometry I are listed in Table I. The numbers of
electron conﬁgurations (NEC ) in the reference space instead of the number of reference functions are listed in
the ﬁrst column. An electron conﬁguration is a distribution of 10 electrons of H2 O among molecular orbitals.
The number of electron conﬁgurations will not be bigger than the number of corresponding reference functions since one electron conﬁguration can be used to
c
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TABLE I Relative energy errors of H2 O calculated with
MRCI and IMRCI at the experimental equilibrium geometry (geometry I). The basis set is 6-31G. FCI energy is
−76.119919 hartree. ∆MRCI/CAS(4,4)=0.005377 hartree,
∆MRCI/CAS(6,6)=0.004284 hartree.
NEC a
∆MRCIb
∆IMRCIc
NIMRCI d
5
0.002658
0.002658
1
10
0.001084
0.001127
2
20
0.000413
0.000416
2
30
0.000260
0.000256
2
40
0.000198
0.000197
2
50
0.000187
0.000187
1
60
0.000174
0.000174
1
70
0.000172
0.000172
2
80
0.000171
0.000171
1
90
0.000171
0.000171
1
100
0.000170
0.000170
2
120
0.000170
0.000108
3
140
0.000170
0.000040
2
160
0.000170
0.000026
3
180
0.000170
0.000017
3
200
0.000170
0.000011
3
a
Number of electron conﬁgurations in the reference
b
∆MRCI=EMRCI −EFCI .
c
∆IMRCI=EIMRCI −EFCI .
d
Number of IMRCI iterations.
e
The size of ﬁnal IMRCI spaces.

Nsize e
4549
7474
11549
13139
14609
15200
15694
16009
16275
16464
16579
18762
26861
30187
34897
37923
space.

construct more than one reference functions for singlet
and triplet states studied here if the number of unpaired
electrons in the conﬁguration is larger than two. The
electron conﬁgurations in the reference space are chosen
with larger absolute expansion coeﬃcients determined
by CISD. The energy errors of MRCI relative to the FCI
result (−76.119919 hartree) are listed in the second column. As can be seen from Table I, the errors remain
almost unchanged at the order of 10−4 hartree as the
size of electron conﬁgurations goes from 60 to 200. This
demonstrates the slow convergence nature of traditional
conﬁguration interaction method. The errors of IMRCI
relative to the FCI result are listed in the third column of Table I. Because the leading conﬁguration determined by CISD is correct for H2 O at equilibrium, the
accuracy of IMRCI is almost the same as that of MRCI
if NEC is smaller than 120. As shown in the bottom of
Table I, once NEC is bigger than 120, the errors of IMRCI become smaller than the errors of MRCI because
some relative important electron conﬁgurations are selected into the reference space during the iterative procedures in IMCRI. These errors are at the order of magnitude of 10−5 hartree. The iteration number of IMRCI
(NIMRCI ) is 1 to 3 as shown in the fourth column of Table I. For the purpose of comparison, the scheme (III) is
also used to select the reference space. The numbers of
DOI:10.1063/1674-0068/cjcp1905094

TABLE II Relative energy errors of H2 O calculated
with MRCI and IMRCI in geometry II. The OH bond
is stretched to be two times of the experimental equilibrium bond length while the bond angle remains unchanged.
The basis set is 6-31G. FCI energy is
−75.879641 hartree. ∆MRCI/CAS(4,4)=0.004039 hartree,
∆MRCI/CAS(6,6)=0.003443 hartree.
NEC
5
10
20
30
40
50
60
70
80
90
100

∆MRCI
0.006892
0.004881
0.003704
0.003586
0.003568
0.003563
0.003561
0.003561
0.003561
0.003561
0.003561

∆IMRCI
0.005172
0.003425
0.001533
0.001363
0.000565
0.000312
0.000171
0.000141
0.000094
0.000084
0.000074

NIMRCI
2
2
3
2
2
3
3
3
3
4
3

Nsize
3318
4958
9352
11706
14773
17640
21738
23111
24603
26262
27927

electron conﬁgurations in CAS(4,4) and CAS(6,6) are
19 and 141, respectively. The corresponding MRCI errors (∆MRCI/CAS(4,4) and ∆MRCI/CAS(6,6)) relative to FCI are 0.005377 and 0.004284 hartree respectively. They are even larger than that of MRCI with
NEC =5 as shown in the ﬁrst row in Table I.
The results of H2 O in geometry II calculated with
MRCI and IMRCI are presented in Table II. In comparison with the results in Table I, it is easily found
that the convergence of MRCI in Table II is very slow.
The energy error relative to FCI is still at the order
of magnitude 10−3 hartree although NEC is as high as
100. On the other hand, the results of IMRCI converge
very quickly to the FCI energy and the error relative to
FCI is at the order of magnitude of 10−5 hartree even
if NEC is just 80. The reason for this is that, because of
the multireference nature of the wavefunction of H2 O in
geometry II, the less important electron conﬁgurations
in geometry I become more signiﬁcant in geometry II
and are selected into the reference space in the IMCRI
even if NEC is still as small as 40.
The relative errors of MRCI with CAS(4,4) and
CAS(6,6), i.e.
∆MRCI/CAS(4,4) and ∆MRCI/
CAS(6,6), are 0.004039 and 0.003443 hartree, respectively. The accuracies are not good. Because of the
completeness of CAS, many less important electron conﬁgurations are included in the reference space. Thus,
even the sizes of CAS(4,4) and CAS(6,6) are not small,
the corresponding MRCI errors relative to FCI are still
not satisfactory. For this reason, MRCI calculations
based on the complete active space will not be discussed
further although its results will be still listed in the tables below for the purpose of comparison.
The results of H2 O in geometry III calculated with
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TABLE III Relative energy errors (hartree) of H2 O calculated with MRCI and IMRCI. The bond length is 3.3 times
longer than the experimental bond length while the bond angle remains unchanged. The basis sets are 6-31G and ccpVDZ, FCI energies for 6-31G and cc-pVDZ are −75.835791 and −75.90944379 hartree respectively. ∆MRCI/6-31G and
∆MRCI/cc-pVDZ for CAS(4,4) are respectively 0.004525 and 0.007841 hartree, while ∆MRCI/6-31G and ∆MRCI/cc-pVDZ
for CAS(6,6) are respectively 0.003889 and 0.006461 hartree.
NEC
5
10
20
30
40
50
60
70
80
90
100

∆MRCI
0.002652
0.002043
0.001975
0.001959
0.001954
0.001953
0.001953
0.001953

6-31G
∆IMRCI
NIMRCI
0.002441
2
0.000906
2
0.000130
2
0.000107
2
0.000086
2
0.000047
2
0.000027
2
0.000019
2

Nsize
4280
8160
17494
22346
24616
27555
29882
32780

MRCI and IMRCI are presented in Table III. Two basis sets, 6-31G [46] and cc-pVDZ [47] are considered for
comparison. The relative errors of MRCI are still at
the order of 10−3 hartree as the same as shown in Table I and II. On the other hand, the results of IMRCI
converge faster than those shown in Tables I and II. As
the basis set changes from 6-31G to cc-pVDZ, the convergences of MRCI and IMRCI become slightly slow,
which is consistent with the previous theoretical results
reported by Feller [22]. As can be seen from Table III,
the accuracy of IMRCI/cc-pVDZ is comparable to the
accuracy of Liu and Hoﬀmann’s results with the same
number of iterations although no data about the size of
electron conﬁgurations were given in their original work
[27].
In comparison with the results listed in Tables I and
II, the accuracy between the results of MRCI and IMRCI in Table III is very large. It is found that the leading electron conﬁgurations in MRCI calculations are the
same, i.e., 10 electrons of H2 O occupy the ﬁve lowest
orbitals. On the other hand, the leading electron conﬁgurations in reference spaces are changed in IMRCI
calculations as NEC increases. They are listed in Table
IV for both 6-31G and cc-pVDZ. When NEC is bigger
than 40, the leading electron conﬁgurations remain the
same as those conﬁgurations with NEC =40 and therefore they are not listed in the table. In the electron
conﬁguration expressions, the number “2”, “1”, and
“0” mean that the orbital is doubly occupied, singly
occupied, and empty, respectively. As can be seen from
Table IV, when NEC increases to 20 and goes beyond,
the leading conﬁguration of the electronic wavefunction
is changed from the equilibrium ground state conﬁguration “2222200000” to an excited state “2221111000”.
This is why IMRCI results converge fast and MRCI reDOI:10.1063/1674-0068/cjcp1905094

∆MRCI
0.005863
0.004326
0.004070
0.003919
0.003906
0.003877
0.003874
0.003872
0.003871
0.003870
0.003870

cc-pVTZ
∆IMRCI
NIMRCI
0.005863
2
0.001991
2
0.000660
3
0.000319
2
0.000209
2
0.000166
2
0.000110
3
0.000081
2
0.000066
3
0.000057
3
0.000049
3

Nsize
29723
76445
216412
269300
319155
392194
455818
505832
594514
656319
687062

TABLE IV The two leading conﬁgurations calculated with
IMRCI/6-31G and cc-pVDZ for H2 O. The bond length is 3.3
times longer than the experimental bond length while the
bond angle remains unchanged as the one at equilibrium.The
leading conﬁguration of MRCI is 2222200000. (1) means
the ﬁrst leading conﬁguration, (2) means the second leading
conﬁguration.
6-31GRa
cc-pVDZa
(1) 2221111000
(1) 2221111000
(2) 2221210000
(2) 2221210000
10
(1) 2222200000
(1) 2221111000
(2) 2222020000
(2) 2221210000
20
(1) 2221111000
(1) 2221111000
(2) 2221210000
(2) 2221210000
30
(1) 2221111000
(1) 2221111000
(2) 2221210000
(2) 2221210000
40
(1) 2221111000
(1) 2221111000
(2) 2221210000
(2) 2221210000
a
2, 1, and 0 mean that the orbital is doubly occupied,
singly occupied, and empty, respectively.
NEC
5

sults converge slowly. The data in Table IV also indicate
that the leading electron conﬁgurations will be independent of the basis set once the size of the multireferece
space is large enough such as NEC =20.
Since the change of the leading conﬁguration on the
potential energy surface is in general unknown in advance, the reference state of the single reference models
such as MP2, MP3, CCSD and CCSD(T) on the potential energy surface is always the leading electron conﬁguration of the ground state at equilibrium. Therefore, once the leading electron conﬁguration on the
c
⃝2019
Chinese Physical Society

Chin. J. Chem. Phys.

FIG. 1 The potential energy curves of H2 O calculated with
various theoretical models. The size of the multireference
space is 30. R is the OH bond length while R0 is the bond
length at equilibrium. The bond angle remains the same as
the angle at equilibrium.

potential energy surface was changed, there would be
a corresponding jump on the potential energy surface
computed with MP2, MP3, CCSD and CCSD(T). The
potential energy curves of H2 O calculated with MP2,
MP3, CCSD CCSD(T), MRCI and IMRCI are shown
in FIG. 1. The basis set is 6-31G. The multireference
space for MRCI and IMRCI is 30. As can be seen from
the ﬁgure, due to the change of the leading electron
conﬁguration near R/R0 =3.3 (R is the OH bond length
while R0 is the bond length at equilibrium), there are
discontinuities on the potential energy curves of MP2,
MP3, CCSD, CCSD(T), and MRCI. However, the potential energy curve of IMRCI is very smooth. FIG. 1
demonstrates the important role of the leading electron
conﬁguration on the potential energy surface. IMRCI
not only computes correctly the potential energy surface but also provides an eﬃcient way to ﬁnd the leading
electron conﬁguration.

Iterative Multireference Configuration Interaction

FIG. 2 The potential energy curves of the singlet state of
CH2 calculated with various theoretical methods. The size
of the multireference space is 30. R is the CH bond length
while R0 is the bond length at equilibrium. The bond angle
remains the same as the angle at equilibrium.

FIG. 3 The potential energy curves of the triplet state of
CH2 calculated with various theoretical methods. The size
of the multireference space is 30. R is the CH bond length
while R0 is the bond length at equilibrium. The bond angle
remains the same as at equilibrium.

B. Singlet and triplet states of CH2

Methylene is a well-known model molecule tested by
various theoretical approaches [9, 28, 48]. The geometries of the singlet and triplet states of CH2 are the
same as those in the Taylor’s work [48]. The basis set
is Pople’s 6-31G [46]. The computational results of the
singlet and triplet states of CH2 are presented in Table
V. It is well-known that the singlet and triplet states
have diﬀerent correlation eﬀect. It can be seen easily
from the data in Table V that the singlet state has more
mulireference characteristics than the triplet state. The
convergence behaviors of MRCI and IMRCI are very
similar for singlet state when NEC is relatively small.
However, as shown in the table, the convergence diﬀerence becomes signiﬁcant as NEC goes beyond 60. Errors
DOI:10.1063/1674-0068/cjcp1905094

of IMRCI results relative to the FCI energy are about
one order of magnitude smaller than those of MRCI
results. On the other hand, the convergence rates of
MRCI and IMRCI for triplet state are almost the same
as NEC increases from 5 to 100, which to some extent
indicates the single reference nature of the triplet state.
The potential energy curves of the singlet and triplet
states of CH2 are presented in FIG. 2 and FIG. 3. The
size of the multireference space is 30. These two ﬁgures
demonstrate the similar convergence behaviors of MRCI
and IMRCI as shown in Table V. As for the singlet state,
although higher accuracy results can be achieved with
IMRCI if NEC increases to 70 or an even larger number, yet the leading electron conﬁguration will remain
c
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TABLE V Relative energy errors (hartree) of the singlet and triplet states of CH2 calculated with MRCI and IMRCI. FCI
energies of the singlet and triplet states are -38.942887 and −38.980200 hartree, respectively.
NEC
5
10
20
30
40
50
60
70
80
100

∆MRCI
0.002285
0.000783
0.000275
0.000119
0.000106
0.000102
0.000101
0.000100
0.000100

Singlet state
∆IMRCI
0.002285
0.000783
0.000275
0.000123
0.000106
0.000103
0.000100
0.000072
0.000041

NIMRCI
1
1
1
2
1
2
2
2
3

∆IMRCI
0.001054
0.000443
0.000080
0.000027
0.000022
0.000019

0.000019

Triplet state
∆MRCI
0.001054
0.000443
0.000080
0.000029
0.000022
0.000019

0.000018

NIMRCI
1
1
1
2
2
1

2

opposite direction. Due to the discontinuity of its potential energy curve at R=6.635 Bohr, the performance
of MRCI is also inferior to that of IMRCI.

IV. CONCLUSION

FIG. 4 The potential energy curve of N2 calculated with
various theoretical methods. R is the N−N bond length.
The size of the multireference space is 40.

unchanged. This is the big diﬀerence between the potential energy curves of H2 O and CH2 . Nevertheless,
the performances of MP2, MP3, CCSD, and CCSD(T)
in the two ﬁgures are still not satisfactory.
C. Potential energy curves of N2

N2 is a typical molecule with a triple bond. It
is a challenging problem for theoretical approaches
to obtain a correct description of the dissociation of
N−N bond. The potential energy curves calculated
with MP2, MP3, MP4, MRCI, and IMRCI are presented in FIG. 4. The basis set is cc-pVDZ [47]. Because of the failure of iterative procedure in CCSD at
R=5.135 Bohr, the potential energy curves of CCSD
and CCSD(T) are not plotted in the ﬁgure. The curves
calculated with MP2 and MP4 bend downward to the
horizontal R axis while the MP3 curve bends in the
DOI:10.1063/1674-0068/cjcp1905094

MRCI is a well-established and reliable conﬁguration interaction approach applicable for the electronic
ground state as well as the excited states. It is especially useful for molecules at equilibrium although its
slow convergence to the FCI results is often observed.
The MRCI accuracy depends strongly on the initial
guess of the conﬁguration functions in the reference
space. A wrong initial guess which often occurs for
molecules far from its equilibrium geometry will lead
to very low MRCI accuracy. Similar to iCI [26, 27]
and ICI [37–39], preliminary test results presented here
demonstrated that IMRCI can improve the accuracy
of MRCI for molecules both at equilibrium and nonequlibrium geometries with a few iterations due to the
fact that the most important electronic conﬁgurations
can be selected into the reference space through the iterative procedure presented here. It is often thought that
the problems of the single reference theoretical models on the potential energy surfaces can be solved with
the multireference theoretical methods. However, this is
not true since the multireference models are strongly dependent on the guess of initial multireference wavefunctions which, on the other hand, is in general unknown in
advance. As we discussed for H2 O molecule, the leading electron conﬁguration will not remain the same and
will change along the potential energy surface. IMRCI
provides an eﬃcient way to ﬁnd the leading electron
conﬁgurations on the potential energy surface. This information about the reference states will be very helpful
for multirefence perturbation theory and multireference
coupled cluster theory to obtain results with a higher
accuracy.
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