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In this work, we discussed the stochastic thermodynamics of mesoscopic electron transfer
reactions between ions and electrodes. With a relationship between the reaction rate constant and the electrode potential, we ﬁnd that the heat dissipation βq equals to the dynamic
irreversibility of the reaction system minus an internal entropy change term. The total entropy change ∆st is deﬁned as the summation of the system entropy change ∆s and the heat
dissipation βq such that ∆st =∆s+βq. Even though the heat dissipation depends linearly
on the electrode potential, the total entropy change is found to satisfy the ﬂuctuation theorem ⟨e−∆st ⟩=1, and hence a second law-like inequality reads ⟨∆st ⟩≥0. Our study provides a
practical methodology for the stochastic thermodynamics of electrochemical reactions, which
may ﬁnd applications in biochemical and electrochemical reaction systems.
Key words: Mesoscopic chemical reaction, Electron transfer, Electrode potential, Entropy
production, Fluctuation theorem
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I. INTRODUCTION

Stochastic thermodynamics (ST) has been a very active ﬁeld in the modern statistic physics [1–4]. The
ﬂuctuations could be signiﬁcant in mesoscopic systems,
and hence various thermodynamic properties such as
work, heat, and system entropy become stochastic variables [5–8]. One can introduce the system entropy s
and the heat dissipation q or equivalently the medium
entropy change ∆sm =βq to characterize a stochastic
system. A very important result from ST is that the
total entropy change deﬁned as ∆st =∆s+∆sm may satisfy the ﬂuctuation theorem ⟨e−∆st ⟩=1, which leads to
a second-law-like inequality ⟨∆st ⟩≥0. Such a physical
picture has been revealed in dissipative systems with
Newtonian dynamics [9–12], the underdamped or overdamped Brownian particles [13–17] and the quantum
systems [18, 19].
As a special case of the birth-death stochastic processes, chemical reactions have gained considerable attentions. In general, the state of a reaction system
is described by the number vector X of active species
X, which could vary according to the reaction events.
When the transition rates W±ρ (X) for a forward and a
backward reaction are identiﬁed, the probability p(X; t)
of variable X evolves according to a master equation.
Note that the heat dissipation of a reaction system is
known to have very subtle relationship with the transition rates [8, 20], a careful treatment of the heat dissipa-
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strate that the heat dissipation βq can be related to
∑
Wρi
ln
the quantity Σ=
, so that the total entropy
W
−ρi
i
change ∆st =∆s+βq would satisfy the ﬂuctuation theorem [21, 22]. A key intermediate step to prove this
relation is to use the relationship between the equilibrium constant and the chemical potential of the reactant
and product species, which can either be found from the
rate theory of gas phase reactions [23] or from the selfconsistent thermodynamics constraints [22]. ST of simple reactions has been successfully applied to chemical
reactions which are far away from equilibrium [24–29].
In this study, we focus on the electrochemical reactions where the electrons are transferred between ions
and electrodes, and hence the electrode potential ψ
plays a role. One may note that the electron transfer reactions have wide applications in sensing devices
[30–32]. To the best of our knowledge, the eﬀect of
electric potential is not explicitly addressed in the previous studies of ST, so it would be useful to see how
to incorporate the electrode potential into the ST of
electrochemical reactions. Speciﬁcally, based on the
constraints from thermodynamic self-consistency or the
Marcus’ theory of electron tranfer reactions [33–36], a
relation between the equilibrium constant and the electrode potential ψ is found. With this relation, we dem-
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∑

Wρi
equals to the heat dissipaW−ρi
i
tion βq minus an entropy change of the active species,
so that the total entropy change deﬁned as ∆st =∆s+βq
satisﬁes the ﬂuctuation theorem ⟨e−∆st ⟩=1 and the second law reads ⟨∆st ⟩≥0. For a reaction system with
given propensity functions {W±ρ }, the heat dissipation
βq depends explicitly on the electrode potential as well
as the internal entropy of the reactive species. When
the electrode potential and the internal entropy of the
system are not speciﬁed, βq is not well deﬁned while the
total entropy change ∆st can be uniquely determined.
Our ﬁnding implies that the ST of electron transfer reactions can be treated in the same way as ST of reactions without electron transfer.
In this work, a model electrochemical reaction system is ﬁrst introduced. ST of electrochemical reactions
is shown in a thermodynamic relationship between the
reaction rate constant and the electrode potential is presented and the ﬂuctuation theorem is discussed.
onstrate that Σ=

ln

II. MODEL OF THE MESOSCOPIC
ELECTROCHEMICAL SYSTEMS

Consider a model electrochemical reaction system
with ﬁxed volume V . The reaction system contacts to
a heat bath with temperature T , and then the reduced
inverse temperature can be deﬁned as β=1/kB T . As an
illustrative example, we consider an electrochemical reaction between an ion species Y and an electrode with
electric potential ψ
Y

X + e− (electrode)

(1)

where Y =An+ and X=A(n+1)+ are the active species.
Denote X and Y as the particle numbers of the X
species and Y species. In the dilute limit, the reaction rate for elemental reactions satisﬁes the mass action law, where the reaction rates for the forward and
backward reactions are given by [23]
W+ (X) = k+ Y
(2)
W− (X) = k− X
where k+ and k− are the reaction constant for the
forward and backward reaction. The rate constant
K=k+ /k− for electron transfer reactions is known to
depend on the chemical potential of X and Y as well
as electrode potential ψ [33, 36]. In the following section we will show that a simple relationship between the
equilibrium constant K and the electrode potential ψ
can be worked out.
The Y species is assumed to contact to a particle
reservoir with chemical potential µY and hence keeps
its particle number ﬁxed. Denote the probability distribution of the intermediate species X as p(X; t). The
evolution of p(X; t) is governed by the master equation
DOI:10.1063/1674-0068/31/cjcp1705110

as
∂t p(X; t) =

∑

[Wρ (X − vρ )p(X − vρ ; t) −

ρ=±

(3)

Wρ (X)p(X; t)]

where v+ =1 and v− =−1 are the stoichiometric coeﬃcients of X species for the forward and backward reactions, i.e., the particle number changes from X to
X+v+ or X+v− given a forward or a backward reaction
happens. In the long time limit, the system could reach
a stationary distribution ps (X)=p(X; t→∞), such that
∂t ps (X)=0.

III. STOCHASTIC THERMODYNAMICS IN THE
SINGLE TRAJECTORY LEVEL
A. Single trajectory and dynamic irreversibility

For the reaction system, the reaction events change
the state variable of the system and hence generate a
stochastic trajectory. Denote Xj ≡X(t′′ =tj ) as the particle number of species X at time t′′ =tj . A forward
trajectory χ(t) consisted of n concessive reactions is deﬁned as
χ(t) = {X0 (t′′ = t0 ) → X1 (t′′ = t1 ) → ... →
Xn−1 (t′′ = tn−1 ) → Xn (t′′ = tn ) →
Xn (t′′ = t)}
its conjugate backward trajectory χR (t) is deﬁned as
χR (t) = {Xn (t′′ = t′ 0 ) → Xn−1 (t′′ = t′ 1 ) → ... →
X1 (t′′ = t′ n−1 ) → X0 (t′′ = t′ n ) → X0 (t′′ = t)}
τj =tj −tj−1 and τj′ =t′j −t′j−1 are two time interval
parameters. The conjugate condition requires that
′
τj =τn+1−j
. According to the Gillespie’s method [37,
38], the conditional probability to ﬁnd such a trajectory or its conjugated one reads
P [χ(t)|X0 ] = Πnj=1 e−r(Xj−1 )τj

Wρj (Xj−1 )
r(Xj−1 )

e−r(Xn )(t−tn )

(4)

W−ρj (Xj )
P [χR (t)|Xt ] = Πnj=1 e−r(Xj−1 )τj
r(Xj−1 )
e−r(Xn )(t−tn )
where r(Xi )=

∑

(5)

Wρ (Xi ) is the total propensity func-

ρ=±

tion. With the log ratio of those two probabilities, one
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can introduce a dynamic irreversibility term Σ as
P [χ(t)|X0 ]
P [χR (t)|Xt ]
n
∑
Wρj (Xj−1 )
ln
=
W−ρj (Xj )
j=1

63

Along a single trajectory which consists of n reactions,
n
∑
the heat dissipation βq≡
βq j reads

Σ ≡ ln

j=1

(6)

For the simple reaction systems, the dynamic irreversibility Σ diﬀers from βq by a term which depends
on the degeneracy of particles [22], and the averaged
change rate ⟨Σ̇⟩ can be related to the entropy production deﬁned as the product of the thermodynamic ﬂux
and the thermodynamic force [21]. In the following
part, we will show that such relations are also valid
for the reaction systems with electron transfer.

βq = −
−
−

n
∑
[uρj βµ∗Y + vρj βµ∗X + vρj e0 ψ]
j=1
n
∑

[uρj ln Y + vρj ln (Xj−1 + vρj )]

j=1
n
∑

∆S0j

(13)

j=1

which implies that the heat dissipation has a linear dependence on the electrode potential.

B. Energy balance in the single trajectory level
C. Dynamic-thermodynamic relation

In order to study the energetics of the reaction system, we consider the thermodynamic properties. The chemical potential µi for the i -th active
species with particle number Ni can be expressed as
βµi (Ni )=βµ∗i +ln Ni , where βµ∗i is the chemical potential of a reference state [23]. The entropy si and the
internal energy ϵi of the species i are connected via the
thermodynamic relation βϵi =βµi +si [23].
Denote A(X) as the free energy of the reaction system in state X. After a reaction of the ρj -th kind, the
state varies from Xj−1 to Xj =Xj−1 +vρj , then the free
energy change β∆Aj , the internal entropy change ∆S0j
and the internal energy change ∆U j for the reaction
system reads
β∆Aj = vρj [βµ∗X + ln (Xj−1 + vρj )]
∆S0j = vρj sX
β∆U j = β∆Aj + ∆S0j

(8)

(10)
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(15)

The zero current condition in the equilibrium system is:
k+ y − k− xs = 0

(16)

or equivalently:
ln K = ln

k+
xs
= ln
k−
y

(17)

The electric potential equilibrium condition reads:
βµX (xs V ) − βµY (yV ) + e0 ψ = 0

(18)

or equivalently:
u+ βµ∗Y + v+ βµ∗X + v+ e0 ψ = − ln

xs
y

(19)

By comparing these two constraints, one can ﬁnd that
(11)

where e0 is the elemental charge.
Since the temperature T of the reaction system is
ﬁxed during the reaction process, the amount of enj
j
ergy βwchem
+βwele
−∆U j should be released to the
heat bath as heat dissipation βq j , so the energy balance equation can be written as
j
j
βq j = βwchem
+ βwele
− β∆U j

(14)

V →∞

(9)

where u+ =−1 and u− =1 are the stoichiometric coeﬃcients of Y species for the forward and backward reactions. The electric work by the electrode reads
j
βwele
= vρj e0 ψ

X
V
Y
y ≡ lim
V →∞ V

xs ≡ lim

(7)

In order to keep the particle number of Y of the reaction
system unchanged, the amount of chemical work done
by particle reservoirs is as the following
j
βwchem
= −uρj βµY
= −uρj (βµ∗Y + ln Y)

Herein we demonstrate that the heat dissipation βq
could be related to the dynamic irreversibility Σ based
on the constraints from macroscopic equilibrium system. Denote the equilibrium concentration of species
X and Y as xs and y:

(12)

k+
k−
= −(u+ βµ∗Y + v+ βµ∗X + v+ e0 ψ)

ln K ≡ ln

(20)

One may note that it is possible to derive this equation in a diﬀerent way, e.g., one can use the reaction
rate constant k± from Marcus’ theory of electron transfer [33, 36] to derive Eq.(14). With Eq.(2), Eq.(6),
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Eq.(13) and Eq.(20), it is straightforward to prove that
βq =

n
∑
j=1

Wρj (Xj−1 ) ∑
−
∆S0j
W−ρj (Xj )
j=1
n

ln

= Σ − ∆S
∑
∆S0 ≡
∆S0j

(21)
(22)

j

where ∆S0 is the internal entropy change along the trajectory. Eq.(21) implies that the heat dissipation equals
to the dynamic irreversibility minus the internal entropy
change of the reaction system.
D. Entropy balance and the fluctuation theorem

For the reaction system along the single trajectory
χ(t), one should note that the stochastic system entropy
s(t) consists of an internal entropy contribution S0 and
the Shannon entropy contribution − ln[p(Xt ; t)] [20, 21],
i.e.,
s = S0 − ln[p(Xt ; t)]

(23)

The system entropy change can then be evaluated as
∆s = ∆S0 + ln

p(X0 , t0 )
p(Xt ; t)

(24)

When the internal entropy term is evaluated analytically from the grand canonical ensemble, one can ﬁnd
that ∆S0 reduces to the degeneracy entropy term introduced by Schmiedl and Seifert [20, 22]. As one can see,
the reactive species which contact with particle reservoir would not contribute to the system entropy change
as their particle numbers are constants during the reactions.
Using Eq.(21) and Eq.(24), the total entropy change
∆st deﬁned as ∆st ≡∆s+βq can be rewritten as
p(X0 , t0 )
p(Xt , t)
P (χ)
= ln
P (χR )

unique thermodynamic properties, i.e., chemical reaction systems with ﬁxed {Wρ (X)} may have diﬀerent
internal entropy {si } and diﬀerent chemical potential
{µ∗i }. According to Eq.(21) and Eq.(25), these systems would have diﬀerent heat dissipation βq and the
same total dissipation ∆st . Even though the heat dissipation βq does depend on the electrode potential ψ,
the dynamic-thermodynamic relations βq=Σ−∆S0 and
the ﬂuctuation theorem ⟨e−∆st ⟩=1 are still valid. Our
study implies that the ST of electrochemical reactions
can be treated in the same way as ST of simple reactions. Note that the mass action law is the starting
point of this study and is known to be valid for dilute
reactants, one can expect that our theory is at least applicable to dilute solutions. For concentrated solutions
where the mass action law fails, the ST of reactions
remains an open question and deserves further investigations.

IV. CONCLUSIONS

In this study, we discussed the stochastic thermodynamics of electrochemical reactions, where the electrode
potential plays a role. We ﬁnd a relationship between
the reaction constant K=k+ /k− and the electrode potential ψ. With such a relationship, one can discuss the
energy balance in stochastic trajectory level, where the
heat dissipation βq is found to be equal to the log ratio
of the conditional probabilities for a forward and a backward trajectory minus an internal entropy change term.
Even though the heat dissipation βq has a linear dependence on the electrode potential ψ, the total entropy
change ∆st =∆s+βq satisﬁes the ﬂuctuation theorem
⟨e−∆st ⟩=1 and is similar to the case of simple reactions
without electron transfer. Our study provides a practical methodology for the stochastic thermodynamics of
mesoscopic electron transfer reactions, which may ﬁnd
applications in small biochemical and electrochemical
reaction systems.

∆st = Σ + ln
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⟨∆st ⟩≥0.
As one can see, the propensity function {Wρ (X)} is
insuﬃcient to deﬁne a chemical reaction system with
DOI:10.1063/1674-0068/31/cjcp1705110

This work was supported by the National Natural Science Foundation of China (No.21403041 and
No.21503048) and the Startup Packages from Guizhou
Education University.

[1] K. Sekimoto, Prog. Theoretical Theor. Supplement
130, 17 (1998).
[2] F. Ritort, Adv. Chem. Phys. 137, 31 (2008).
[3] U. Seifert, Eur. Phys. J. B 64, 423 (2008).
[4] U. Seifert, Rep. Prog. Phys. 75, 126001 (2012).
[5] D. J. Evans, E. Cohen, and G. Morriss, Phys. Rev. Lett.
71, 2401 (1993).
c
⃝2018
Chinese Physical Society

Chin. J. Chem. Phys., Vol. 31, No. 1

[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

Stochastic Thermodynamics of Mesoscopic Electrochemical Reactions

G. E. Crooks, Phys. Rev. E 60, 2721 (1999).
C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997).
U. Seifert, Phys. Rev. Lett. 95, 040602 (2005).
D. J. Evans and D. J. Searles, Phys. Rev. E 50, 1645
(1994).
R. Van Zon and E. Cohen, Phys. Rev. Lett. 91, 110601
(2003).
S. R. Williams, D. J. Searles, and D. J. Evans, Phys.
Rev. Lett. 100, 250601 (2008).
F. Douarche, S. Joubaud, N. B. Garnier, A. Petrosyan,
and S. Ciliberto, Phys. Rev. Lett. 97, 140603 (2006).
K. H. Kim and H. Qian, Phys. Rev. E 75, 022102
(2007).
A. Gomez-Marin, T. Schmiedl, and U. Seifert, J. Chem.
Phys. 129, 024114 (2008).
P. Strasberg, G. Schaller, T. Brandes, and M. Esposito,
Phys. Rev. Lett. 110, 040601 (2013).
A. Barato and U. Seifert, Phys. Rev. Lett. 112, 090601
(2014).
J. M. Horowitz and M. Esposito, Phys. Rev. E 94,
020102 (2016).
M. Esposito, M. A. Ochoa, and M. Galperin, Phys. Rev.
Lett. 114, 080602 (2015).
M. Campisi, P. Hänggi, and P. Talkner, Rev. Modern
Phys. 83, 771 (2011).
J. M. Horowitz, J. Chem. Phys. 143, 044111 (2015).
P. Gaspard, J. Chem. Phys. 120, 8898 (2004).
T. Schmiedl and U. Seifert, J. Chem. Phys. 126, 044101
(2007).

DOI:10.1063/1674-0068/31/cjcp1705110

65

[23] P. Atkins and J. D. Paula, Atkins’ Physical Chemistry,
New York: Oxford University Press, (2006).
[24] T. J. Xiao, Z. Hou, and H. Xin, J. Chem. Phys. 129,
114506 (2008).
[25] T. Xiao, Z. Hou, and H. Xin, J. Phys. Chem. B 113,
9316 (2009).
[26] T. Rao, T. Xiao, and Z. Hou, J. Chem. Phys. 134,
214112 (2011).
[27] D. Andrieux, P. Gaspard, S. Ciliberto, N. Garnier,
S. Joubaud, and A. Petrosyan, Phys. Rev. Lett. 98,
150601 (2007).
[28] D. Andrieux and P. Gaspard, J. Chem. Phys. 128,
154506 (2008).
[29] D. Andrieux and P. Gaspard, Phys. Rev. E 77, 031137
(2008).
[30] J. W. Schultze and A. Bressel, Electrochim. Acta 47, 3
(2001).
[31] C. Spegel, A. Heiskanen, L. H. D. Skjolding, and J.
Emneus, Electroanalysis 20, 680 (2008).
[32] R. Garcia, R. V. Martinez, and J. Martinez, Chem. Soc.
Rev. 35, 29 (2006).
[33] R. A. Marcus, J. Chem. Phys. 24, 966 (1956).
[34] R. Marcus, Annu. Rev. Phys. Chem. 15, 155 (1964).
[35] R. A. Marcus, J. Chem. Phys. 43, 679 (1965).
[36] R. A. Marcus, Rev. Modern Phys. 65, 599 (1993).
[37] D. T. Gillespie, J. Chem. Phys. 22, 403 (1976).
[38] D. T. Gillespie, J. Chem. Phys. 81, 2340 (1977).

c
⃝2018
Chinese Physical Society

