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Lithium ion batteries are complicated distributed parameter systems that can be described
preferably by partial diﬀerential equations and a ﬁeld theory. To reduce the solution diﬃculty and the calculation amount, if a distributed parameter system is described by ordinary
diﬀerential equations (ODE) during the analysis and the design of distributed parameter
system, the reliability of the system description will be reduced, and the systemic errors will
be introduced. Studies on working condition real-time monitoring can improve the security
because the rechargeable LIBs are widely used in many electronic systems and electromechanical equipment. Single particle model (SPM) is the simpliﬁcation of LIB under some
approximations, and can estimate the working parameters of a LIB at the faster simulation
speed. A LIB modelling algorithm based on PDEs and SPM is proposed to monitor the
working condition of LIBs in real time. Although the lithium ion concentration is an unmeasurable distributed parameter in the anode of LIB, the working condition monitoring model
can track the real time lithium ion concentration in the anode of LIB, and calculate the
residual which is the diﬀerence between the ideal data and the measured data. A fault alarm
can be triggered when the residual is beyond the preset threshold. A simulation example
veriﬁes that the eﬀectiveness and the accuracy of the working condition real-time monitoring
model of LIB based on PDEs and SPM.
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rameter systems and DPSs based on integral, partial
diﬀerential, and algebraic equations [7]. Ghantasala
and El-Farra proposed a methodology of an integrated
robust fault detection and isolation and fault-tolerant
control architecture for distributed parameter systems
modeled by nonlinear parabolic PDEs with time varying uncertain variables and actuator constraints [8].
Demetriou proposed a model-based fault detection technique and diagnosis scheme based on the ﬁnite dimensional results, and the fault detection technique is applied to the inﬁnite dimensional dynamical systems and
DPSs [9]. Antonios Armaou proposed an adaptive detection observer with a time varying threshold, and the
diagnostic observer provides the additional robustness
with respecting to false declarations and minimizing
fault detection time [10]. In order to reduce the fault
detection time and the calculation amount, ODEs are
used to replace PDEs in some methods. These methods can render inaccurate description because ODEs
neglect a signiﬁcant portion of DPSs. If a failure happens in DPSs, the PDEs dynamics will be changed, the
approximated ODEs models are more unreliable.
Lithium ion battery (LIB) [11] is used widely in digital products, electric automobiles, and electromechanical systems because rechargeable LIBs have a lot of

I. INTRODUCTION

In a distributed parameter system (DPS) [1], state
variables and controlled variables are inﬂuenced by time
and space, such as ﬂuid power system, heat transfer system, ﬂexible spacecraft, and electromagnetic system [2].
The boundary conditions and the feedback interactions
are very complicated in DPS, so DPS only can be described precisely by the ﬁeld theory and partial diﬀerential equation (PDE) [3]. It is hard to analyze, design,
simulate, and diagnose DPSs. The lumped parameter
systems [4] can usually be described by ordinary diﬀerential equation (ODEs) [5]. But if ODEs are used to
describe DPSs, the reliability of the system description
is reduced because of the systemic errors.
With the increase of DPSs complexity and the safety
requirement, the modelling simulation and the failure
diagnosis [6] have become the hotspots and the diﬃculties in the research ﬁeld of DPSs. Oh and Pantelides
proposed a general modelling language for lumped pa-
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good properties, such as high energy density, long cycle life, low self-discharge rate, and high working voltage. With the widespread applications of LIBs, a series
of failures [12] about LIBs have appeared, for example, LIBs will lose energy storing capacity quickly or
even burst into ﬁre when being damaged or overcharged.
The research on the working conditions real-time monitoring model of LIBs is crucial to the applications of
LIBs. Chen et al. proposed an accurate and intuitive
LIB model based on ODEs, and this model can predict
both I-V performance and the battery run-time easily
and quickly [13]. Santhanagopalan et al. proposed a
rigorous two dimensional model based on chemical reaction and ODEs, and this model can simulate the cycling performance of LIBs and predicts the potential as
a function time [14]. Moura proposed an adaptive LIBs
observer based on linear PDE and the electrochemical
model, and this observer can estimate state-of-charge
and state-of-health of LIBs [15]. Schmidt et al. proposed an electrochemical LIB model based on classical single particle model (SPM) and lumped parameter
nonlinear model, and this model can predict the terminal voltages for arbitrary loads and potent iostatic
operation [16].
LIBs are regarded as DPSs in this work, PDEs and
SPM are combined to a LIB modelling algorithm. LIBs
can be described preferably and quickly by the LIB
modelling algorithm. The working conditions of LIBs
can be monitored in real time. A simulation experiment
shows that the lithium ion concentration in the anode
of LIB and the residual between the ideal value and the
measured value can be tracked steadily and eﬀectively
by the working condition monitoring model.
II. FAULT DESCRIPTION OF DPS

The basic expression form of the standard parabolic
PDE:
∂u
d
− ∇(c · ∇u) + au = f
∂t
∂
∂
∂
∇ = e1
+ e2
+ · · · + en
∂x1
∂x2
∂xn
∂2
∂2
∂2
∆=∇·∇=
+ e2 2 + · · · + en 2
2
∂x1
∂x2
∂xn
The initial condition is u0 =u(t0 ).
The standard
parabolic PDE is used to describe nonlinear DPS:
∂x(z, t)
∂ 2 x(z, t)
= ζ1 ·
+ s(z) · x(z, t)
(1)
∂t
∂z 2
Where x is the system state, the time t>0. The coordinate z∈(0,1). The coeﬃcient ζ1 >0. s(z) is the smooth
function. The boundary conditions:

∂x(0, t)


 ζ2 · x(0, t) =
∂z
(2)


 u(t) = ∂x(1, t)
∂z
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Where ζ2 is the coeﬃcient. u(t) is the control input of
the system when z=1. If the output signal is measured
under the same actuation condition, then y(t)=x(1, t).
Supposing f (z, t, y(t)) is the fault function, the fault
DPS can be described by PDE:
∂x(z, t)
∂ 2 x(z, t)
= ζ1 ·
+ s(z) · x(z, t)+f (z, t, y(t)) (3)
∂t
∂z 2
f (z, t, y(t)) = f¯ · E(τ ) = f¯ · E(t − t0 )
(4)
Where E(τ ) is the fault error function changing over
time, E(τ )=E(t−t0 ) and E(τ )∈(0,1). f¯ is the fault coeﬃcient. The system has no fault before t0 : E(τ )=0,
τ <0. The fault level increases gradually after t0 :
E(τ )=1−e−kτ , τ ≥0. Where k is the coeﬃcient of fault
changing rate. The bigger k is, the faster the increasing
speed of system fault is.
III. WORKING CONDITIONS MONITORING MODEL

The working conditions monitoring model can track
the real-time parameters of DPS, and calculate the
residual between the monitoring data and the ideal
data. The failure alarm will be triggered when the
residual is beyond the threshold stored in the monitoring model. Eq.(1) and Eq.(2) are combined with the
Luenberger observer to describe the DPS in the ideal
state:
∂ 2 x̂(z, t)
∂ x̂(z, t)
= ζ1
+ s(z)x̂(z, t) +
∂t
∂z 2
L1 (z)[y(t) − ŷ(t)]
The boundary conditions:

∂ x̂(0, t)


 ζ2 · x̂(0, t) =
∂z


 u(t) − L2 · [y(t) − ŷ(t)] = ∂ x̂(1, t)
∂z

(5)

(6)

Where x̂ is the ideal value of system parameter. x̃=x−x̂
is the residual which is the diﬀerence between the ideal
system parameter and the measured system parameter. ŷ is the ideal value of system output, ŷ=x̂(1, t).
ỹ=y(t)−ŷ(t) is the residual which is the diﬀerence between the ideal output value and the measured output
value. L1 and L2 are the regulation coeﬃcients that
regulate the observer error under the diﬀerent initial
conditions. DPS without failure can be described by
the residuals:
∂ 2 x̃(z, t)
∂ x̃(z, t)
= ζ1
+ s(z)x̃(z, t) − L1 (z)x̃(1, t) (7)
∂t
∂z 2
The boundary conditions:

∂ x̃(0, t)


 ζ2 · x̃(0, t) =
∂z


 L2 · x̃(1, t) = ∂ x̃(1, t)
∂z

(8)
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When DPS is working in the normal state, the system residual x̃=x−x̂ and the output residual ỹ=y−ŷ
is within the normal tolerance range. In Eq.(7), the
system residual x̃ can be described in Eq.(9).
∫ 1
x̃(z, t) = ψ(z, t) −
L(z, τ ) · ψ(τ, t)dτ
(9)
z

Where T is the sampling interval that the output signal y(t) is measured by the working condition monitor.
Supposing the output signal y is unchanging between
the samplings interval T , and the current time is t, thenthe output signal y is measured at t+kT (k=0, 1, 2,. . .).
Eq.(9) is plugged into Eq.(7) and Eq.(8):
∂ψ(z, t)
∂ 2 ψ(z, t)
= ζ1
(10)
− ζ3 ψ(z, t)
∂t
∂z 2
The boundary conditions:

∂ψ(0, t)


=0

∂z
(11)


 ∂ψ(1, t) = 0
∂z
Where ζ3 is the user deﬁned coeﬃcient that can keep
DPS stable, and ζ3 >0 [17]. Leibniz integral rule is used
to substitute Eq.(10), DPS without failure can be described:
]
[
∫ 1
∂ψ(z, t)
∂ 2 ψ(τ, t)
−
− ζ3 ψ(τ, t) dτ
L(z, τ ) · ζ1
∂t
∂τ 2
z
[
2∂L(z, z)
∂ψ(z, t)
= ζ1 · ψ(z, t)
+ L(z, z)
+
∂z
∂z
]
∫ 1
∂ 2 L(z, τ )
∂ 2 ψ(z, t)
−
ψ(τ,
t)
·
dτ
−
∂z 2
∂z 2
z
[
]
∫ 1
ψ(1, t)L1 (z) + s(z) ψ(z, t) −
ψ(τ, t)L(z, τ )dτ
z

So,
∂ψ(z, t)
=
∂t

[ 2
]
∂ L(z, τ ) ∂ 2 L(z, τ )
ζ1 ψ(τ, t)
−
dτ −
∂τ 2
∂z 2
z
[
]
∂L(z, 1)
ψ(1, t) L1 (z) + ζ1
−
∂τ
∫ 1
[ζ3 + s(z)] · ψ(τ, t) · L(z, τ )dτ + ψ(z, t) ·
z
[
]
∂ 2 ψ(z, t)
∂L(z, z)
+ s(z) + ζ1
3ζ1
(12)
∂z
∂z 2
∫

1

Leibniz integral rule is used to substitute Eq.(11):

∂ψ(0, t)


+ ψ(0, t)L(0, 0)−


∂z ∫ 1



∂L(0, τ )


ψ(τ, t)
dτ =


∂z
0
[
]
∫ 1



ζ2 ψ(0, t) −
ψ(τ, t)L(0, τ )dτ



0




 ∂ψ(1, t) + ψ(1, t)L(1, 1) = L2 ψ(1, t)
∂z
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So the boundary conditions:

∂ψ(0, t)


= ψ(0, t)[ζ2 − L(0, 0)]+


∂z ∫ 1


∂L(0, τ )
ψ(τ, t)[
− ζ2 L(0, τ )]dτ

∂z

0

 ∂ψ(1, t)


= ψ(1, t) · [L2 − L(1, 1)]
∂z

625

(13)

DPS described in Eq.(10) and Eq.(11) is equivalent to
DPS described in Eq.(12) and Eq.(13). The following conditions can be obtained by solving simultaneous
equations Eq.(10)−Eq.(13).
[ 2
]
∂ L(z, τ ) ∂ 2 L(z, τ )
−
ζ1
= [ζ3 + s(z)]L(z, τ ) (14)
∂τ 2
∂z 2
The boundary conditions:

∂L(0, τ )


= ζ2 L(0, τ )
∂z
∫ z
1

 L(z, z) = ζ2 −
[ζ3 + s(ω)]dω
3ζ1 0
The regulation coeﬃcients:
{
∂L(z, 1)
L1 (z) = −ζ1
∂τ
L2 = L(1, 1)

(15)

(16)

PDE has the unique solution when the boundary conditions described in Eq.(15) can be satisﬁed in DPS described in Eq.(14). Because Eq.(14)−Eq.(16) are irrelevant to time, the solutions can be solved before working
conditions monitor.
In conclusion, DPS working in the normal state can
be described in Eq.(1) and Eq.(2). DPS working in the
fault state can be described in Eq.(3) and Eq.(4). DPS
working in the ideal state can be described in Eq.(5)
and Eq.(6). The residual between the actual DPS state
and the ideal DPS state can be described in Eq.(7)
and Eq.(8). The regulation coeﬃcients can be given in
Eq.(16). According to Eq.(3) and Eq.(5), DPS working
in the fault state can be approximated:
∂ x̂(z, t)
∂ 2 x̂(z, t)
= ζ1 ·
+ s(z) · x̂(z, t)+L1 (z) ·
∂t
∂z 2
(17)
[y(t) − ŷ(t)]+fˆ(z, ŵ(t), y(t))
fˆ(z, ŵ(t), y(t)) = ŵT (t) · σ(z, y(t))

(18)

Where fˆ is the evaluation function in Eq.(17), can approximate the working state of DPS. ŵ(t) is the estimatedvalue of the unknown parameters. σ(z, y(t)) is
a known nonlinear function. The boundary conditions
of Eq.(17) are shown as Eq.(6). According to Eq.(7),
Eq.(17), Eq.(18), DPS working in the fault state can be
described by the residual:
∂ 2 x̃(z, t)
∂ x̃(z, t)
= ζ1 ·
+ s(z) · x̃(z, t) −
∂t
∂z 2
L1 (z) · x̃(1, t)+w̃T (t) · σ(z, y(t)) (19)
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The boundary conditions of Eq.(19) are shown as
Eq.(8). w̃=w−ŵ is the residual of the unknown parameters. x̃=x−x̂ is the residual of the system state.
ỹ=y−ŷ is the output residual. DPS is judged as the
fault system when the output residual is beyond the
threshold preset in the monitoring model.
IV. WORKING CONDITIONS MONITORING SYSTEM
OF LIB

COMSOL multiphysics Software [18] and MATLAB
PDE Toolkit [19, 20] are combined to build the working
conditions real-time monitoring model of LIB based on
PDEs and SPM.
SPM of LIB is shown as Fig.1. SPM assumes that the
limitations posed by the solution phase of the battery
cell are negligible. Each electrode is represented by a
single spherical particle whose area is equal to the active area of the solid phase in the porous electrode. The
solution phase is not considered during the model equations are developed. SPM is further simpliﬁed when
the concentration within the sphere is approximated by
a parabolic proﬁle. The solid phase concentration is
represented by a second order polynomial whose coeﬃcients are expressed in terms of the average concentration and the concentration at the sphere surface. SPM
of LIB can be described by the PDEs,
for anode
Discharging
LiC6 ←−
−→ Li+ + e− + C6
Charging
for cathode
Discharging
MOy + Li+ + e− ←−
−→ LiMOy
Charging
[

]
∂ 2 c−
2 ∂c−
∂c−
s
s
s
(r, t) = Ds− ·
(r,
t)+
·
(r,
t)
∂t
∂r2
r ∂r
The boundary conditions:
 −
∂cs


(0, t) = 0

∂r
 ∂c−
I(t)

 s (Rs− , t) = − −
∂r
Ds · F · a− · A · L−

(20)

r̄ is the standardization of the radial coordinate:
{
r̄ = 0,
r = Rs+
r̄ = 1,
r = Rs−
LIB working in the ideal state can be described by the
form of Eq.(3).
∂c
∂2c
(r, t) = 2 (r, t)
∂t
∂r
The boundary conditions:

−
 ∂c (1, t) − c(1, t) = − Rs · I(t)
−
∂r
Ds F a− AL−

c(0, t) = 0

(22)

(23)

c(1, t) can be regarded as a function of the output voltage because only the output voltage is measurable. A
failure is supposed to happen in LIB at the time t=60 s:
∂c
∂2c
(r, t) = 2 (r, t)+0.1 · e−0.001(t−60) · c(1, t) · r (24)
∂t
∂r

(21)

−
where c−
s is the lithium concentration in anode. Ds is
the diﬀusion coeﬃcient in solid phase. r is the radial
coordinate. Rs− is the particle radius. a− is the interface
surface area. L− is the thickness of the anode. I(t) is
the input current. F is the Faraday constant. A is the
cross sectional area of the battery cell [21, 22]. SPM of
LIB deﬁned by Eq.(20) and Eq.(21) can be normalized
by the following coordinates change:

r → r̄ · Rs−




(R− )2
t → t̄ · s−


Ds


c(r, t) → r · c−
s (r, t)
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FIG. 1 SPM of LIB.

The fault degree of LIB will be more and more serious
when t>60 s. The working conditions of LIB working in
the fault state can be estimated by the proposed PDE
model:
∂ĉ
∂ 2 ĉ
(r, t) = 2 (r, t) + L1 (r) · [c(1, t) − ĉ(1, t)]
∂t
∂r
The boundary conditions:

∂ĉ

(1, t)+
ĉ(1, t) = L2 · [c(1, t) − ĉ(1, t)] +



∂r

Rs− · I(t)



Ds− · F · a− · A · L−


ĉ(0, t) = 0

(25)

(26)

where c(1, t)−ĉ(1, t) is the residual between the ideal
value and the actual value of lithium ion concentration
c
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FIG. 2 Ideal lithium ion concentration in the anode.
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FIG. 4 Working condition monitoring results.

V. CONCLUSION

FIG. 3 Input current I(t) of the simulation.

in the anode of LIB. L1 and L2 can be numerically
solved from PDE deﬁned in Eqs.(14)−(16). The coefﬁcients are deﬁned: ζ1 =1, ζ3 =2 during the simulation.
The sampling interval of the working condition monitor
is T =1 s. There are three input signals in the working condition monitor: the input current I(t), lithium
ion concentration in the anode c(1, t), and the working
condition of the last second. The ideal lithium ion concentration in the anode is shown as Fig.2. The input
current of LIB is shown in Fig.3.
Lithium ion concentration in the anode of LIB
will change obviously when a failure happens.
c̃(1, t)=c(1, t)−ĉ(1, t), r=1. So the residual between
the monitoring lithium ion concentration and the ideal
lithium ion concentration can be used to monitor the
working condition of LIB. The bigger the residual is,
the bigger the failure is. The simulation results of the
residual monitor are shown in Fig.4.
The simulation results of the working condition realtime monitoring can be seen from Fig.4. LIB works in
the normal state when t<60 s, so the residual of lithium
ion concentration in the anode is tiny. A failure happens
in LIB at t=60 s. The failure degree of LIB is more and
more serious when t>60 s, so the concentration residual begins to increase gradually. The alarm threshold
is preset at 6 mol/m3 . The concentration residual is
beyond the threshold at t=90 s approximatively.
DOI:10.1063/1674-0068/29/cjcp1604063

A lithium ion battery modelling approach based on
partial diﬀerential equations and single particle model
is proposed to monitor the working condition of lithium
ion battery in real time. Firstly, lithium ion battery is
regarded as distributed parameter system, and partial
diﬀerential equations are used to describe distributed
parameter system preferably. Secondly, a lithium ion
battery model is constructed by single particle model
to monitor the working condition of lithium ion battery.
Thirdly, the lithium ion concentration in the anode of
LIB and the residual between the ideal value and the
measured value are tracked by the working condition
monitoring model, then the fault alarm can be triggered
when the residual is beyond the preset threshold. The
simulation example veriﬁes that the eﬀectiveness and
the accuracy of the working condition real-time monitoring model of lithium ion battery based on single particle model and partial diﬀerential equations.
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