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Phenomenon of localized surface plasmon excitation at nanostructured materials has attracted much attention in recent decades for their wide applications in single molecule detection, surface-enhanced Raman spectroscopy and nano-plasmonics. In addition to the
excitation by external light ﬁeld, an electron beam can also induce the local surface plasmon
excitation. Nowadays, electron energy loss spectroscopy (EELS) technique has been increasingly employed in experiment to investigate the surface excitation characteristics of metallic
nanoparticles. However, a present theoretical analysis tool for electromagnetic analysis based
on the discrete dipole approximation (DDA) method can only treat the case of excitation by
light ﬁeld. In this work we extend the DDA method for the calculation of EELS spectrum for
arbitary nanostructured materials. We have simulated EELS spectra for diﬀerent incident
locations of an electron beam on a single silver nanoparticle, the simulated results agree with
an experimental measurement very well. The present method then provides a computation
tool for study of the local surface plasmon excitation of metallic nanoparticles induced by
an electron beam.
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nanoparticles have selective optical absorption to visible light, this property is used to produce color window
glass in church in Europe. The earliest theory about
the unique optical property of metallic nanoparticles is
developed by Mie who derived the absorption and scattering of light by the isotropic nanoparticles via solving
Maxwell equation [2]. Due to its exact analytical form,
the Mie’s theory is still important nowadays for the validation of other theories. However, the Mie’s theory is
limited to the spherical or elliptical particle shape cases
and for other complex particle shapes one can only numerically calculate their optical properties. For this, it
has been developed many numerical simulation methods to deal with the interaction of light with the structures in arbitrary shape; among them the widely used
ones are T-matrix method [3], ﬁnite diﬀerence time domain (FDTD) method [4], boundary element method
(BEM) [5], multipole methods [6], discrete dipole approximation (DDA) method [7] etc. Among them DDA
method has attracted much interest and became one of
the most important methods for study of nanoparticles
in arbitrary shape. It was ﬁrstly proposed by Purcell
and Pennypacker for detail analysis of dust matter [8];

I. INTRODUCTION

With the rapid development of nanotechnology in recent years the synthesis and characterization of nanostructured materials which can be modulated both in
size and shape have attracted much attention for their
unique electromagnetic characteristics [1]. One of the
most important physical properties of nanomaterials is
the local surface plasmon excitation occurring on the
surface of particles or in the gap between them. Diﬀerent from the usual surface plasmon which propagates
along the surface plane, the local surface plasmon is
well localized at the curved surface and, hence, the dispersion is closed related to the morphology of nanostructure. It is because of such locality the electromagnetic ﬁeld can be greatly enhanced nearby the particular
structure and lead to related physical phenomenon.
It was found several hundred years ago that metallic
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then many ones have made signiﬁcant improvements to
make it a powerful tool for calculating optical properties, i.e. the absorption, extinction and scattering of
light by nanoparticles [9–12]. However, at present this
method can only deal with the interaction of external
light ﬁeld with nanostructured materials. Therefore,
for application to the investigation of surface plasmon
excitation problem by scanning transmission electron
microscopy combined with electron energy loss spectroscopy (STEM-EELS) [13–15], it is highly expected
to extend the traditional DDA method to the case of
surface plasmon excitation induced by an external electron beam. In this work we aimed to improve the DDA
method for incorporation of incident electrons in addition to light ﬁeld as excitation source. The surface
plasmon excitation at Ag particles is studied via the
calculation of EELS spectra and results have demonstrated the eﬀectiveness of the extended DDA method.
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In DDA the matrix describing the interaction of light
ﬁeld with a nanostructured material is written as,
{
exp (ikrjk ) 2
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Ajk Pk =
3
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II. THEORY

where rjk ≡rj −rk , and Ajj =αj−1 if j=k. Multiplying
Eq.(4) by α−1
in two sides, one obtains:
j

A. DDA method for light field

By the DDA method a nanostructured material is
spatially divided into N unit cubes, where each unit
cube is treated as a dipole whose dipole moment is calculated through the response to the local electric ﬁeld.
The polarization vector of the jth dipole at the position
rj under the local ﬁeld is,

Pj = αj Eloc
j =

pansion of k0 d:

αj Eapp
j

−

∑


Ajk Pk 

(1)

N
∑
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(j = 1, ..., N )
j

For a system composed of N dipoles, one may deﬁne two
vectors of 3N dimension, i.e. P̃=(P1 , P2 , ..., PN ) and
app
app
Ẽapp =(Eapp
1 , E2 , ..., EN ), and another matrix Ã of
3N ×3N dimension, where Ã3j−l,3k−m =(Ajk )3−l,3−m .
Then Eq.(6) can be rewritten as,

k̸=j

ÃP̃ = Ẽapp

where αj is the dipole polarizability, and the local elecapp
tric ﬁeld Eloc
at the jth
j includes the external ﬁeld Ej
∑
Ajk Pk ,
dipole and the local dipole electric ﬁeld, −

Eapp
= E0 exp (ik · rj − iωt)
j

(2)

where k is the wavevector of an electromagnetic wave.
All the dipoles for the simulation of material characteristics are located in a cubic lattice whose lattice constant is determined as, d=(V /N )1/3 , where V is the volume of material and N is the number of dipoles. Hence,
the product of wavevector k0 (|k0 |=ω/c) of electromagnetic wave in vacuum and lattice constant, k0 d, is the
best dimensionless parameter characterizing this dipole
lattice, which describes the variation of wave phase relative to the lattice spacing.
By using the lattice dispersion relation (LDR), the
dipole polarizability α(ω) is expressed as a series of exDOI:10.1063/1674-0068/31/cjcp1805096

(7)

By solving this equation of 3N dimension one can derive
polarization vector P̃, and hence the total extinction
cross-section Cext with the relation,

k̸=j

which is resulted from the action of rest N −1 dipoles on
the jth dipole. Usually in the DDA method the external
electric ﬁeld is considered as the plane wave form,

(6)
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where Eapp,
is the complex conjugate of Eapp
j
j . Similarly, the excitation coeﬃcient can also be expressed
as,
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where reff is the radius of eﬀective sphere of the material
in volume.
B. DDA method for electron beam

The plane wave electromagnetic ﬁeld is used for the
study of local surface plasmon excitation by external
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FIG. 1 (a) Electron energy loss spectra measured on a single Ag nanoparticle at different beam locations. Reprinted with
c
permission from [19], copyright⃝American
Chemical Society (2018). (b) Reflection electron energy loss spectra measured
on a bulk Ag sample with 100 eV incident electron energy.

light ﬁeld; while in the case of incident electron beam
we have to consider the action of a speciﬁc external
electric ﬁeld on the nanostructure. In fact, in study
of surface excitation at semi-inﬁnite medium by external charges one usually considers that the excitations
induced by external light and external charges have no
essential diﬀerence except that the form of electric ﬁelds
employed is diﬀerent [16].
We consider now a charge q moving in vacuum in a
velocity v, which is parallel to the z-axis (normal of
sample plane) and in an impact parameter rq about
the xy-plane. The dipole at position rj =(xj , yj , zj ) will
experience an electric ﬁeld brought by the charge, whose
ﬁeld components are given by [17]:
Eapp
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where Γ (ω) is the diﬀerential energy loss probability
[18]:
Γ (ω) =

N
{
}
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j
2
π~ j=1

(14)

For a single dipole (N =1), we have P1 =α1 Eapp
1 . Hence,
Γ (ω) =

1
2
Im {α1 } |Eapp
1 |
π~2

(15)

(10)

which is the same as the result obtained for dielectric
sphere [17].

(11)

C. Simulation of local surface plasmon excitation

(12)

where dj =rj −rk is located on the xy-plane, Km is the
mth order Bessel function. It can be seen that because
of the dj -dependence of Eapp
j , the excitation probability
changes with position of moving electron. On substituting Eq.(10)−Eq.(12) into the formula of DDA method
in replace of the plane wave form of electromagnetic
wave, one can then describe the surface plasmon excitation induced by an electron beam. In an electron energy loss spectroscopic measurement, the energy of the
incident electron beam ranges from several tens keV to
several hundred keV while the energy loss of electrons
due to plasmon excitation is usually limited to several
tens eV, which is comparatively very small. Therefore,
the electron trajectory can be regarded as a straight line
without any deﬂection. The energy exchange between
DOI:10.1063/1674-0068/31/cjcp1805096

incident electrons and nanomaterial is deﬁned as,
∫ ∞
(13)
∆E =
~ωΓ (ω) d (~ω)

In order to verify the eﬀectiveness of the present DDA
method we have applied it to study the STEM-EELS
spectrum of metallic nanoparticles. In recent years
many experimental studies have been done on surface
plasmon with the use of STEM-EELS instrument. Koh
et al. have measured EELS spectra for an electron beam
incident on diﬀerent positions of the surface of a single
Ag particle [19]. In FIG. 1(a), the experimental spectra
were obtained at interval of 2 nm for an electron beam
of 10 keV incident on an Ag spherical particle of diameter of 24 nm. It is clear to see that the EELS spectrum
varies signiﬁcantly with beam location. In the spectra
the 3.3−3.4 eV peak corresponds to surface plasmon of
particle and the 3.8 eV peak is due to bulk plasmon,
which agrees reasonably with other experimental observations [20–22]. The relative intensity of the surface
plasmon peak to the bulk plasmon peak changes signiﬁcantly with the beam location from particle edge to
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FIG. 3 Extinction efficiency spectra of Ag nanoparticle and
Ag semi-infinite solid excited by a plane wave. For comparison, it is also shown the normalized Ag bulk energy loss
function.

FIG. 2 Modeling of Ag nanoparticle with discrete dipole
approximation method with different numbers of dipoles,
N =280, 912, 2176, and 17256.

the center. Qualitative explanation of such competitive
behavior between surface plasmon and bulk plasmon
is easy because the possibility of surface plasmon excitation strongly is dependent on the distance between
the moving electron and the boundary of particle, however, it is diﬃcult to make a quantitative evaluation.
In fact, even the quantitative explanation is also diﬃcult for a bulk Ag sample because of its unique character. The energies of surface plasmon and bulk plasmon
peak are quite close. In the reﬂection electron energy
loss spectroscopy (REELS) spectra measured for bulk
Ag shown in FIG. 1(b), only one broad peak around
3.8 eV is seen, which may be contributed from both
surface and bulk plasmon excitations and is almost independent of the incident electron energy. Precisely
because of the lack of quantitative experimental evidence from other techniques like REELS, the explanation about those features observed in EELS spectra for
Ag particle is far away from well-established. In this
experiment, the observed local surface plasmon energy
of 3.3 eV is slightly smaller than the minimum plasmon
energy of silver spherical dipole medium. Koh et al.
[19] attributed it to a hypothetical thin dielectric layer
of unknown matter adhered to the silver sphere surface.
But here we consider another possibility; that is, the response of nanoparticle to the incoming electron beam
diﬀers from that to the external light ﬁeld. We will use
the DDA method to clarify the issue.
FIG. 2 shows a single Ag nanoparticle in diameter of
24 nm constructed with diﬀerent number of dipole. For
DOI:10.1063/1674-0068/31/cjcp1805096

the simulation we will ﬁrstly evaluate the minimum required number of dipole from the calculations until the
result becomes stable by increasing the number, and in
the simulation a larger value than the minimum number is used. Then we use DDA method to study the
response of Ag nanoparticles and Ag semi-inﬁnite bulk
material to the external light ﬁeld. FIG. 3 shows the optical response characteristics, the extinction eﬃciency,
when a plane wave in incident on a single Ag particle. For comparison, it is also shown the normalized
Ag bulk energy loss function, Im{−1/ε(ω)}, is derived
from optical constants measured by optical methods
[23, 24], where ε(ω) is dielectric function. It is seen
that, the bulk energy loss function gives the value of
bulk plasmon energy as 3.8 eV, and the extinction eﬃciency yields the surface plasmon energy as 3.72 eV for
semi-inﬁnite material and 3.45 eV for Ag particle. The
boundary condition of the material clearly alters the
plasmon excitation modes. The local surface plasmon
mode of 3.45 eV derived by the DDA method agrees well
with the theoretical value of 3.5 eV [17]. Note that the
particle size is very small here, in diameter of 24 nm,
then the plasmon excitation is dominantly due to surface plasmon mode while the bulk plasmon has negligible contribution. For larger sizes the plasmon energy
will approach to the semi-inﬁnite case. Therefore, for
very small particles, the local surface plasmon describes
well the whole response of the particle to light.
Then we used formula, Eqs. (10)−(15), to simulate
the EELS spectrum for an electron beam passing by
the edge of an Ag nanoparticle. Here we used diﬀerent numbers of dipoles to construct a nanoparticle: we
divided the side length (24 nm) of an Ag nanocube by
integers of 20, 30, and 40 to form an Ag nanosphere in
which the number of dipoles is 4224, 14328 and 33552,
respectively. With the increasing of the division, the
structure approaches to sphere. FIG. 4 shows the simulated EELS spectrum for diﬀerent numbers of dipoles.
When the number is greater than 14328 the spectrum
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FIG. 4 The influence of the number of discrete dipole on the
electron-beam induced localized surface plasmon excitation
of Ag nanoparticle.
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FIG. 5 Simulated electron energy loss spectra of Ag
nanoparticle for different landing positions of electron beam.

layer.
becomes stable and we will use 33552 in further discussion. The EELS spectrum has two peaks, one is
at 3.3 eV and the other at 3.7 eV. According to previous discussion, the 3.7 eV peak corresponds to bulk
plasmon excitation while 3.3 eV peak is attributed to
the local surface plasmon excitation of Ag nanoparticle.
Where the surface plasmon is excited by electrons ﬂight
in the tangent line of the sphere the peak intensity of
the surface mode is much stronger than that of the bulk
mode.
By comparing the light ﬁeld excitation and electron
beam excitation, we can know that the local surface
plasmon peak is at 3.45 eV in case of plane wave electric ﬁeld of light and 3.3 eV in case of electric ﬁeld
of electrons while the EELS experimental measurement
result [19] is also at 3.3 eV. Therefore, our present DDA
calculation agrees with experiment very well. The calculation clearly indicates that 3.3 eV peak position is
attributed to the nanoparticle character of surface plasmon, which diﬀers from the semi-inﬁnite surface plasmon, but not to the hypothetical thin dielectric layer
on the sphere. In fact, similar behavior of surface plasmon peaks for a semi-inﬁnite Ag sample was observed in
Ref.[25] in which the excitations of surface plasmon by
parallel electron beam were calculated by a traditional
analytical theory.
Furthermore, we have simulated EELS spectra for
an electron beam incident on diﬀerent locations of Ag
nanoparticle. FIG. 5 shows the normalized EELS spectra varying by beam location. This result is rather close
to the experimental observation in FIG. 1 [19]. When
the electron beam passing through the nanosphere center, only the bulk plasmon peak at 3.7 eV can be clearly
seen while the surface plasmon excitation presents a
shoulder. With changing of the position to be closer
to the edge, the bulk plasmon peak intensity decreases
while the surface plasmon peak intensity increases,
which conﬁrms further that the 3.3 eV peak is indeed
due to surface plasmon but not to the thin dielectric
DOI:10.1063/1674-0068/31/cjcp1805096

III. CONCLUSION

We have extended the DDA method, which has been
widely used for the calculation of interaction of light
ﬁled with nanostructured materials in arbitrary morphology, to the simulation of EELS spectrum for investigating the local surface plasmon excitation induced by
an electron beam. The method has been veriﬁed to be
eﬀective, through a study for a silver particle, for an
arbitrary nanostructure. Since there is no limitation on
the modeling of structure, the method should play an
important role in the nanomaterial characterization by
EELS.
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