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The four-body model has been used to calculate the fully differential cross-sections (FDCS)
for the single ionization of helium by 100 MeV/amu C6+ impact in geometries. By comparing with experimental data and other theories, we find the results of four-body model are in
very good agreement in the scattering plane, but poor agreement out of the scattering plane.
Accordingly, the contributions of different scattering amplitudes to FDCS are analyzed. It
is found that the cross sections due to the interference of the scattering amplitudes between
projectile-target nucleus interaction and projectile-ejected electron interaction almost tend
to experimental results around the recoil region in geometries. In particular in the perpendicular plane, the cross section originating from interference of the scattering amplitudes
between projectile-target nucleus and projectile-ejected electron interactions yields an experimental double-peak structure in the angular distribution. However, this feature could
not be presented by the interference of the three amplitudes. Thus, the failure of the fourbody model predicting the feature in this geometry may be attributed to an inappropriate
weighting of the three amplitudes.
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(CCC) approach [5] and the coupled-pseudostate (CP)
approach [4, 8], neither of them eliminated the discrepancy with experiment in the perpendicular plane. A
time-dependent close-coupling (TDCC) [9] approach,
led to a perpendicular plane FDCS with the positions of
the peaks in better agreement with experiment. However, the magnitude of the FDCS remained considerably
lower than the experiment.
So far none of the published theoretical investigations
has been able to obtain reasonable agreement with the
measured angular distribution of the ejected electron
in the perpendicular plane. Accordingly, further theoretical analysis and calculations are appropriate and
interesting.
In this work, we use a simple four-body model, which
has been employed in the fields of electron-atom [10] and
ion-atom collisions [11, 12], to analyze the FDCS for single ionization of helium by 100 MeV/amu C6+ impact.
Also the importance of interference effects in determining the shape of the FDCS is demonstrated, specifically,
we discuss in detail the contribution of scattering amplitudes to FDCS in the scattering and perpendicular
planes. In the present model, the four-body initial state
is represented as a product of the plane wave for the
projectile and the Hartree Fock (HF) ground-state wave
function of helium. The final state is approximated as a
product of the He+ ground-state wave function for passive electron and three-Coulomb wave. The four-body

I. INTRODUCTION

Ion-atom collisions have been a field of intense activity in atomic physics, but experimental results for single
ionization processes occurring in heavy ion-atom collisions are still not fully understood [1, 2]. In particular,
the measurements of the fully differential cross sections
(FDCS) in geometries other than the scattering plane
[3] have not been explained [4, 5].
For a very small perturbation it was generally
expected that even the relatively simple first-bornapproximation (FBA) [4] gave reasonably good results
at such high impact energies (100 MeV/amu) for all geometries. Indeed, in the scattering plane the FBA calculations yielded good agreement, however, poor agreement for outside the scattering plane, especially in the
perpendicular plane the FBA results totally disagree
with the experiment both qualitatively and quantitatively. Other relatively senior perturbative models, such
as the three-body distorted-wave (3DW) model [6] and
the continuum distorted wave (CDW) approximation
[3, 7], also cannot give a satisfying result in the perpendicular plane. For nonperturbative theories such as
the fully quantum-mechanical convergent close-coupling
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cross sections were compared with the corresponding experimental results and the ability of the present
model to reproduce the peak structure of the experimental data was assessed.

The four-body final state wave function is represented
as
−
ψf− (r1 , rT , RP ) = φf (r1 )ψ3C
(rT , RP )

(8)

−
The three Coulomb wave ψ3C
can be expressed as [14]

II. THEORY

We consider single ionization of helium by the impact of C6+ with incident momentum Ki relative to
the atomic center of mass. In the center-of-mass (CM)
system, the T-matrix is defined as
Tf i = hψf− (r1 , rT , RP )|Vi |Φ+
i (r1 , rT , RP )i

(1)

where r1 is the coordinate of the passive electron relative to the target nucleus. rT represents the coordinates of the ionized electron with respect to the target
ion. RP is the position of the projectile relative to the
atomic center of mass.
The perturbation Vi corresponding to the initial state
is given as:
Vi = VPT + VPe + VPe1
ZP ZT
ZP
ZP
=
−
−
R
rP
|R − r1 |

(2)

here ZP and ZT are the chares of the projectile and
target nucleus, respectively, R represents the position
of the projectile with respect to the target nucleus, rP
represents the coordinates of the ionized electron with
respect to the projectile. Hence, Eq.(1) may be rewritten as:
Tf i = TPT + TPe + TPe1
−
+
= hψf− |VPT |Φ+
i i + hψf |VPe1 |Φi i +
hψf− |VPe1 |Φ+
i i
TP,core = TPT + TPe1

(3)
(4)

here TPT , TPe , and TPel represent T-matrix elements,
which is the interaction of the incoming projectile with
the target nucleus, the ejected electron, and passive
electron, respectively. TP,core represents the coherent
sum of the scattering amplitudes TPT and TPel .
The four-body initial state wave function
µ
Φ+
i (r1 , rT , RP ) =

1
2π

¶3/2
exp(iKi · RP )φi (r1 , rT ) (5)

In the present calculation, we choose the analytical
fitting to the HF wave function given by Byron and
Joachain [13] to describe φi (r1 , rT ),
φi (r1 , rT ) = U (r1 )U (rT )
U (r) = (4π)−1/2 (Ae−αr + Be−βr )

(6)
(7)

where A=2.60505, B=2.08144, α=1.41, and β=2.61.
DOI:10.1063/1674-0068/27/03/279-284

−
ψ3C
= N exp(ikT · rT ) exp(iKP · RP )
×1 F1 (iαTe ; 1; −i(kT rT + kT · rT )
×1 F1 (iαPT ; 1; −i(KP RT + KP · RT )
×1 F1 (iαPe ; 1; −i(kP rP + kP · rP )
(9)

The KP and kT are the momentums of scattered projectile and ejected electron, respectively, which are both
considered with respect to He+ .
N is a normalization factor given by
N = (2π)−3 Γ[(1 − iαTe )(1 − iαPT )(1 − iαPe )] ·
·
¸
1
exp − π(αTe + αPT + αPe )
(10)
2
where 1 F1 and Γ are the confluent hypergeometric function and gamma function, respectively. The Sommerfeld parameters have the form
µTe Z∞
kT
µPT ZP Z∞
=
KP
µPe Zp
= −
kP

αTe = −

(11)

αPT

(12)

αPe

(13)

here, µPe and µPT are the reduced masses of the
projectile-ionized electron subsystems and projectiletarget, respectively.
Thus, the FDCS is given as follows [15, 16]:
d3 σ
KP kT
= Ne (2π)4 µTe µ2P ,He
|Tf i |2
dΩP dΩe dEe
Ki

(14)

here Ne is the number of electrons in the atomic shell,
dΩP and dΩe denote the differential solid angles with respect to KP for the scattered projectile and the ionized
electron, respectively, while dEe represents the energy
interval of the ejected electron. µTe is the reduced mass
of the ionized electron-target ion subsystem, µP,He is
the reduced mass of the projectile-atom system. An
uncertain point of this model represents the use of the
asymptotic charge Z∞ =1.
If we switch off both the projectile-target ion and the
projectile-ionized electron interactions (αPe =αPT =0) in
the Eq.(8), the result takes on the form of the FBA,
−3
Ψ−
exp(iKP · RP + ikT · rT ) ·
f 1C = ϕf (r1 )(2π)
¶
µ
1
exp − παTe Γ(1 + iαTe ) ·
2
(15)
1 F1 [iαTe ; 1; −i(kT rT + kT · rT )]
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FIG. 1 FDCS in different geometries for 100 MeV/amu C6+ single ionization of helium with the ejected electron energy
of 6.5 eV and the momentum transfers of 0.75 a.u. The angle θe is the emission angle of the electron. The cross sections
are presented in the laboratory frame system, the laboratory frame system conversion from CM to laboratory multiply by
a factor of 16 [7].

It is worth noting that in the 3DW approximation,
helium atom is treated as a hydrogenlike atom, so the
projectile-passive electron interaction is not considered
in the perturbation. The description of the final-state
wave function for the ejected electron is also different.
In the four-body calculation, the wave function for the
ejected electron is a Coulomb wave. Whereas in the
3DW approximation, it is a numerical solution of the
HF Schrödinger equation.
The nine-dimensional integral (Eq.(1)) can be reduced analytically, and without any further approximation, to a two-dimensional integral on the real parameters [11], which has to be carried out numerically.

III. RESULTS AND DISCUSSION

We have computed the FDCS, by Eq.(14), for single ionization of helium by C6+ ion at incident energy
of 100 MeV/amu in geometries. Calculations made at
an ejected electron energy of 6.5 eV and a momentum
transfer of 0.75 a.u. correspond to the measurements of
Schulz et al. [3] for various ejected electron azimuthal
angles ϕe , which ranges from 0◦ to 90◦ . The results
are presented in Fig.1. The 3DW and FBA theoretical
results are also provided for comparison.
DOI:10.1063/1674-0068/27/03/279-284

From Fig.1, it is clearly seen that the positions of experimental peaks at emission angle θe of 90◦ and 270◦
do not change in all geometries. We note that ϕe =0◦
(Fig.1(a)) corresponds to the scattering plane. In the
scattering plane, the four-body, FBA, and 3DW models have similar results, and the three theoretical results
are in excellent agreement with the experimental data
around the binary peak. However, there is some deviation near the recoil peak, the cross sections of the
theories are smaller than the measurement.
As ϕe increases, the binary peak drops for both the
experiment and theory, but the decrease in the binary
peak is quicker for the theories. Moreover, the difference
of theoretical calculations from the experimental data
increases and becomes significant at ϕe =40◦ (Fig.1(c)).
At ϕe =60◦ , both the binary peak and the recoil peak
are roughly equal in magnitude. When ϕe =80◦ , the theoretical maximum disappears and exhibits a dip near
90◦ , however, the experimental binary peak remains a
peak. ϕe =90◦ (Fig.1(f)) corresponds to the perpendicular plane. It is clearly seen that the experimental FDCS is symmetric about θe =180◦ , and has two
well-pronounced peaks near 90◦ and 270◦ . However,
there are some marked discrepancies between experiment and theoretical results both in terms of intensity
and in terms of shape. The four-body and 3DW modc
°2014
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FIG. 2 The incoherent contributions to the FDCS of the scattering amplitudes.

els produce two shallow minima. The cross sections of
four-body and 3DW models have a one-peak structure
with the maximum near 180◦ , but we find a minimum in
the experimental data. FBA yields a flat angular distribution. In general, there is a considerable discrepancy
between the theoretical results and the measurements
in the perpendicular plane.

does not give a significant improvement over a threebody model. In fact, most of the existing theoretical
methods, such as CCC [5] and CP [8] approaches, also
do not reproduce the experimental structure in out-ofplane geometries. Therefore, this is still a challenge for
our theoretical workers, especially for the perpendicular
plane.

In the experimental data, the magnitude of the recoil
peak does not change dramatically, but the recoil peak
gets less pronounced in all theories. Figure 1 clearly
presents the difference between experiment and theory in all geometries, as angle ϕe increases, the disagreement of theoretical results with experiment becomes more significant. In fact, except for ϕe =80◦ and
ϕe =90◦ , the FBA has reproduced peak-structure of experiment. The four-body theory does not show its superiority to the 3DW and FBA models. Therefore, it
can draw conclusion that as ϕe is increased from 0◦ to
60◦ the four-body effect is not obvious. At ϕe =80◦ and
ϕe =90◦ all theoretical results are in very bad agreement
with experimental data.

To explore the physical origin of the peak structure
in the FDCS, we examine the contributions of different
scattering amplitudes to the FDCS of the present fourbody model. According to Eq.(3), calculation results
are displayed in Fig.2 and Fig.3. The contributions of
the three individual scattering amplitudes to the crosssections are presented in Fig.2. Figure 3 shows the contributions arising from TP,core and interference between
TPT and TPe .

Figure 1 clearly shows the deterioration of agreement
between experimental data and theoretical results from
scattering plane to perpendicular plane. It is obvious
that the present theory based on a four-body model
DOI:10.1063/1674-0068/27/03/279-284

In the scattering plane (Fig.2(a)), the major individual incoherent contribution to the cross-section around
the binary region comes from the scattering amplitude
TPe (i.e., postcollisional interaction between the projectile and ionized electron [17]). As shown in the figure,
the individual incoherent contribution arising from TPe1
is the smallest, so scattering amplitude TPe1 may be neglected in the calculations. Figure 3(a) shows, the destructive interference between TPT and TPe leads to the
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FIG. 3 The coherent sum contributions to the FDCS of the scattering amplitudes.

cross section that almost tends to experimental binary
peak. When TPe1 is switched on, the cross section due
to the interference of the three scattering amplitudes in
magnitude and width more tends to the experimental
results.

observed cross sections, which is different from a very
recent theoretical result [5]. In Fig.3 (b)−(e), as ϕe is
increased, though the individual incoherent contribution from TPe1 keeps the smallest around binary peak,
the major coherent contribution to the cross-sections
arising from TP,core dominates over interference between
TPT and TPe .

It is evidently seen from Fig.2(a) that the largest
individual incoherent contribution to the cross-section
around the recoil region comes from the scattering amplitude TPT . In Fig.3(a), it seems that the cross section
around the recoil region due to interference between TPe
and TPT reveals a distinct peak, which is in excellent
agreement with experimental recoil peak. This suggests
that the electron first undergoes a binary collision with
the projectile and then gets backscattered by the target
nucleus. In addition, the coherent contributions of amplitude TPe1 influence the magnitude and width of the
recoil peak.

For recoil peak, the largest separate contribution to
the FDCS always comes from the scattering amplitude
TPT in any geometry (Fig.2). Although partial cross
sections arising from TPT do not present the recoil peak
structure at all, the cross sections due to the interference between TPT and TPe basically reproduce experimental results (Fig.3). However, the coherent sum of all
the three scattering amplitudes makes the magnitudes
of the recoil peak smaller than that of the peak arising
from interference between TPT and TPe .

As ϕe increases (Fig.2 (b)−(f)), around binary peak,
the contribution to the cross-section from the scattering amplitude TPe gradually decreases but the contribution from TPT gradually increases. From ϕe =60◦ to 90◦
(Fig.2 (d)−(f)), the largest individual incoherent contribution to the cross-section comes from the scattering
amplitude TPT . It is evidently that the projectile-target
nucleus interaction (PT) plays a significant role in the

In the perpendicular plane, the dominant contribution to cross-section around the binary and recoil regions comes from the scattering amplitude TPT
(Fig.2(f)). It is similar to the case of proton impact
ionization (e.g., [11] and references therein). Although
the cross-section yielded by TPT correctly predicts the
position of a minimum at θe =180◦ , it only reveals a
broad peak at about θe =0◦ (360◦ ). Thus, the experi-
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mental results are basically qualitatively reproduced by
the cross-sections arising from TPT . The partial crosssections coming from TP,core (Fig.3(f)) and TPT have
similar structures. More importantly, in spite that the
cross-section originating from interference between TPT
and TPe underestimates the magnitude of the peak, it
displays a double-peak structure at θe =90◦ , 270◦ , quite
similar to that found in the experimental peak. But
this feature could not be presented by the interference
of the three amplitudes, which is in conflict with measurements. The failure of the four-body model predicting the feature in this geometry might has been traced
back to a wrong weighting of the amplitudes TPT , TPe ,
and TPe1 .
IV. CONCLUSION

Four-body model has been applied to the calculations
of FDCS for single ionization of helium at impact energy
of 100 MeV/amu. In geometries, except for ϕe =80◦ and
ϕe =90◦ we find that there is a qualitative agreement between the four-body method and the measurements, but
the discrepancies still present. In the scattering plane,
the four-body, 3DW and FBA models are in reasonable
agreement with experiment for binary peak. However,
theoretical results underestimate the recoil peak of experimental cross section. As the angle ϕe is increased
to 90◦ , including the four-body model, the deviation of
the theoretical results from the measurements including
the four-body model rises. The worst case is observed
in the perpendicular plane, there is a considerable discrepancy between theoretical results and experimental
data.
We have also discussed the contributions of various
scattering amplitudes to FDCS in the present model.
It is found that the interference effect depends sensitively on the detected geometry. As ϕe increases, except for ϕe =90◦ , the coherent contribution to the crosssections arising from the coherent sum of the projectiletarget nucleus and projectile-passive electron interactions is larger than interference of the scattering amplitudes between projectile-target nucleus interaction
and projectile-ejected electron interaction around binary peak. Furthermore, in geometries the recoil peaks
were yielded by the interference of the scattering amplitudes between projectile-target nucleus interaction and
projectile-ejected electron interaction. Whereas in the
perpendicular plane, the experimental FDCS is not reproduced by the interference of the three amplitudes.
A possible reason is an inappropriate weighting of the
three amplitudes. In addition, the discrepancies between theory and experiment could be due to the possibility that the projectile beam is not coherent (Ref.[18]
and references therein). Generally, there is a strong
disagreement between the present theory and measurements in the perpendicular plane, so a more definitive
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explanation needs to be further studied, this is also our
future work to be done.
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