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While the exact theory of chemical reaction rate processes is always non-Markovian, experimental rates do
often show practically Markovian that supports kinetics rate constant description. In this work, we propose
to use the Kubo’s motional narrowing line shape function to characterize the Markovian character of the
simplest two-state electron transfer reaction system. On the basis of analytical results, we demonstrate
the related Markovianicity parameter as an interplay between the fluctuating solvent environment and the
coherent transfer coupling. It is found that a non-Markovian rate process is most likely to occur in a
symmetric system in the fast solvent modulation regime, where the resonant tunneling enhancement plays
the important role. The effect of quantum solvation on electron transfer, which is dominant in the fast
modulation regime, will also be highlighted.
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I. INTRODUCTION

The fluctuation and interaction of solvent environment plays a pivotal role in chemical reactions. Consider a simple two-state a→b reaction. From the theoretical point of view, an exact construction of the rate
equation, via either the projection operator approach
[1-3] or the reduced density matrix formalism [4-6],
leads always to a generalized rate equation,
Z t
Z t
Ṗa (t) = − dτ k̂(t − τ )Pa (τ ) + dτ k̂ 0 (t − τ )Pb (τ ) (1)
0

0

Here, k̂(t) and k̂ 0 (t) denote the forward and backward
rate memory kernels. On the other hand, one often finds
in practice that the simple kinetic equation, within the
Markovian rate constant description (cf. Eq.(11) and
Eq.(12)),
Ṗa (t) = −k0 Pa (t) + k00 Pb (t)

II. ELECTRON TRANSFER RATE THEORY: EFFECT
OF MOTIONAL NARROWING

The research in the field of ET rate theory has
grown enormously since 1950s [1-21]. The standard ET
system–bath model Hamiltonian reads
HT = ha |aiha| + (hb + E ◦ )|bihb| + V (|aihb| + |biha|) (3)
here, E ◦ denotes the reaction endothermicity, V the
transfer coupling matrix element, and ha (hb ) the solvent Hamiltonian for the ET system in the donor (acceptor) state. The system is initially in the donor |ai
site, with the solvent (bath) equilibrium density matrix
−ha /(kB T )
at the specified temperature T .
ρeq
a ∝e
A nonperturbative rate theory can be generally constructed via the reduced density matrix dynamics [46]. The involving dissipative memory kernels can be
expressed in terms of the continued fraction formalism
[22,23]. This formalism can further be evaluated analytically for ET in Debye solvents; see the Eq.(36) with
Eqs.(24)-(29) of Ref.[4]. Those analytical results will be
used in the later numerical demonstrations on the ET
rates in both adiabatic and nonadiabatic regimes.
To illustrate some basic features, let us start with
the nonadiabatic rate process, in which the rates are
proportional to V 2 . The standard perturbation theory

(2)

can well describe the observed rate process. The resulting reactant population Pa (t) decays exponentially
toward its equilibrium value at a given temperature.
Is there any quantitative justification for the Markovian rate processes being often observed experimentally? Also, if the solvent motion gets faster, whether
the rate process appears more Markovian or less?
In this work, we try to address the issues on the
Markovian character of elementary rate process. The
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theoretical analysis will be made in connection to the
electron transfer (ET) rate theory. In due course we
will also discuss about the effects of quantum solvation
and motional narrowing on ET rate processes.
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leads to (setting ~ ≡ 1)
k̂NA (t) = 2V 2 Re {exp[−g(t)]}
(4)
¿
½ Z t
¾À
exp[−g(t)] = exp+ −i
dτ [E ◦ + U (τ )]
(5)

The rate constant that describes the decay at the longtime region is given by
Z ∞
dt k̂(t)
k0 ≡ k(s = 0) =
(12)
0

0

Here, U (τ )≡eiha τ U e−iha τ is the solvation coordinate,
U ≡hb − ha , in the solvent ha -interaction picture. It is
a stochastic bath operator, involving in Eq.(5) with the
solvent ensemble average, h·i≡trB ( · ρeq
a ). Apparently,
the solvation coordinate describes the energetic fluctuation following the ET from the donor |ai to the acceptor |bi site. Assume the fluctuation follows a Gaussian
statistics. The solvation effect on the ET can be completely characterized by the solvation energy,
λ ≡ hhb − ha i = hU i

(6)

and the solvation correlation function,
C(t) = h[U (t) − λ][U (0) − λ]i

(7)

The nonadiabatic rate kernel expression, Eqs.(4) and
(5), can now be completed by using the second-order
cumulant expansion that is exact for the Gaussian solvation process [1-3,12-20].
Z t Z τ
g(t) = i(E ◦ + λ)t + dτ
dτ 0 C(τ 0 )
(8)
0

C(t > 0) = λ(2kB T − iτL−1 )e−t/τL

(9)

The longitudinal relaxation time τL relates to the Debye
time [1-3] as τL =(ε∞ /ε0 )τD , by which the Debye dielectric function reads ε(ω)=ε∞ +(ε0 −ε∞ )/(1+iωτD ).
In comparison, the classical treatment of solvation assumes U (t) as a classical stochastic variable, and thus
Ccl (t) is real. For the Debye model (Eq.(9)), the classical solvation limit is reached when τL Àτther ≡(kB T )−1 .
Note that τL is approximately proportional to the solvent viscosity [1-3]. Thus τL Àτther and τL ¿τther will
be termed later also as the high- and low- viscosity
regimes, respectively. The classical treatment of solvation is valid in the high-viscosity regime.
To proceed, let us recast Eq.(1) in the Laplace domain.
sPea (s) − Pa (0) = −k(s)Pea (s) + k 0 (s)Peb (s)

(10)

with Pej (s)≡L{Pj (t)} and
Z

∞

dt e−st k̂(t)

k(s) ≡ L{k̂(t)} ≡

In particular, the nonadiabatic rate constant can be
evaluated as [19,20]
Z ∞
k0NA = 2V 2 Re
dt exp[−g(t)]
(13)
0

with g(t) being given in Eq.(8).
In the high-viscosity (τL Àτther ) regime, the solvation
correlation C(τ 0 ) in Eq.(8) can be taken as its static
limit of C(τ 0 )≈C(0)=2λkB T . The resulting nonadiabatic rate constant reads [7-9]
·
¸
V2
(E ◦ + λ)2
NA
k0 = p
exp −
(14)
4λkB T
λkB T /π
This is the celebrated Marcus’ rate expression. The
classical solvation barrier is of ∆G∗ba =(E ◦ + λ)2 /(4λ)
for the ET reaction, and the inversion occurs at E ◦ =–λ.
√ In the low-viscosity regime, more precisely when
2λkB T τL ¿1 but Γ≡2λkB T τL remains finite, Eq.(8)
with Eq.(9) reduces to g(t)≈Γt + iE ◦ t, leading Eq.(13)
to

0

Note that U (t) is an operator in the stochastic bath
space, it in general does not commute with U (t=0).
Thus, the quantum solvation correlation is a complex
function. Its real and imaginary parts are related by
the fluctuation-dissipation theorem. For example, the
correlation function for a Debye solvent in finite temperature reads

0

DOI:10.1088/1674-0068/20/04/438-444

(11)
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k0NA =

2V 2 Γ
+ Γ2

(E ◦ )2

(15)

Apparently, this is the quantum solvation regime [5],
where the ET proceeds as a tunneling, with the maximum rate occurring at the Fermi resonance (E ◦ =0).
The maximum rate here is much larger than that in the
high-viscosity regime. This is closely related to the wellestablished motional narrowing phenomenon, addressed
originally by Kubo in the context of spectroscopy
[24,25]. The (Lorentzian) width Γ in the low-viscosity
(or fast-modulation)
√ regime is much smaller than the
(Gaussian) width 2λkB T in the high-viscosity (or
static) regime. Here, the rate constant is treated as
a function of E ◦ , and the total integrated area remains
constant.
We will show soon that, as the population dynamics
is concerned, the motional narrowing enhanced rate at
E ◦ =0 is in favor of a non-Markovian rate process. This
seems somewhat counter-intuitive, as the motional narrowing results from a Markovian spectroscopic process
[24,25]. For the asymmetric ET system (E ◦ 6=0), the
motional narrowing may, however, have the opposite
effect. The detailed analysis is as follows.
III. NATURE OF ELECTRON TRANSFER:
MARKOVIAN VERSUS NON-MARKOVIAN

From Eq.(1) and the initial condition Pa (0)=1, we
have Ṗa (0)=0, and P̈a (0)=−k̂(0)=−2V 2 . The last idenc
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tity is inferred from the fact that k̂(0) is in general identical to k̂NA (0), even when the reaction is adiabatic. The
scaled population,
Pa (t) − Pa (∞)
Pa (0) − Pa (∞)

∆(t) ≡

(16)

should have the short- and long-time asymptotic behaviors as follows.
2

∆(t → 0) ≈ e−ŵ0 t

/2

,

∆(t → ∞) ≈ e−w0 t

(17)

with (noting that Pa (0)=1)
k̂(0)
2V 2 (1 + Keq )
=
Pa (0) − Pa (∞)
Keq
k
(1
+
K
)
0
eq
w0 = k0 + k00 =
Keq
ŵ0 =

(18)
(19)

Keq ≡Pb (∞)/Pa (∞)=k0 /k00 denotes the reaction equilibrium constant. Note that the rate constant k0 (or
k00 ) here is general, not just limited for the nonadiabatic
or weak transfer coupling case. However, in the strong
transfer coupling regime, ∆(t) may also be significantly
influenced by the coherent motion and exhibit quantum
beats. The resulting rate process, strictly speaking, is
non-Markovian.
This paper focuses on the Markovian character of the
population evolution envelop. The population evolution
itself can in general have quantum beats. As the asymptotic behaviors of Eq.(17) are concerned, it may suggest
to use again the Kubo’s line shape function [24,25],
·
µ
¶¸
ŵ0 t
∆K (t) = exp −κ−2 e−ŵ0 t/w0 − 1 +
(20)
w0

the continued fraction formalism of quantum dissipation theory in Ref.[4]. The analytical expressions presented there for the resolutions of both the rate kernels and the reduced dynamics are exact for the Debye
solvation model, valid for arbitrary strength of transfer V -coupling. We set T =298 K, which amounts to
τther =1/(kB T )≈26 fs.
It had been demonstrated in Ref.[5] that the solvent
viscosity is closely related to the quantum solvation nature. The smaller the viscosity (i.e. the faster the solvent modulation) is, the more important the quantum
nature will be. The profound quantum solvation effect
has been highlighted for the symmetric (E ◦ =0) and
classical-barrierless (E ◦ =−λ) ET systems [5]. In this
subsection, we shall first review this issue, and then
elaborate its implication to the Markovian character in
the aforementioned two representing ET systems. The
solvent reorganization energy chosen in this subsection
is λ=3 kJ/mol.
¯
Figure 1 depicts the rate constant k0 =k(s)¯s=0 as
function of τL , evaluated at the specified values of V
and E ◦ . This figure is the Kramers’ plot. In his seminal study of the dependence of the isomerization reaction rate on the solvent viscosity [26], Kramers treated
the reaction as a classical particle crossing a potential
barrier, on the basis of classical Brownian motions. In
relation to the present work, the celebrated Kramers’

to analyze the nature of population transfer dynamics.
The involving Kubo’s Markovianicity parameter is (cf.
Eqs.(17)-(19))
µ
¶1/2
1/2
ŵ0
2Keq
V
κ≡
(21)
=
w0
1 + Keq
k0
The rate process assumes Markovian or non-Markovian,
when κ>1 or κ<1, respectively.
In the next section, we will show that the Markovian condition holds in the most region of the parameter space. This accounts for why most experiments do exhibit Markovian kinetics rate processes
of ∆Mar (t)=e−w0 t . However, non-Markovian processes
can occur in the case of small τL and E ◦ =0, where the
aforementioned motional narrowing enhanced reaction
rate plays the role.
IV. NUMERICAL DEMONSTRATIONS AND
DISCUSSION
A. Effect of solvent viscosity

The following numerical demonstrations are made on
the basis of the Debye solvent model (Eq.(9)), using
DOI:10.1088/1674-0068/20/04/438-444

FIG. 1 Electron transfer rate constant k0 as function of the
scaled solvent longitudinal relaxation time τL /τther , evaluated for E ◦ =0 (upper-panel) and E ◦ +λ=0 (lower-panel), together with the specified transfer coupling strength V along
each curve, λ=3 kJ/mol and T =298 K.
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fall-off behavior [26,27] can be obviously observed in
the strong transfer coupling (V =1 kJ/mol) case; see the
solid curves in both of the E ◦ -panels of Fig.1 in the high
viscosity (τL >τther ) regime. This is the well-established
diffusion limit of classical reaction rate: the higher the
solvent viscosity is, the more the backscattering (or
barrier-recrossing) events will be. As V gets smaller,
the backscattering is suppressed gradually, leading to
the plateau in the dot-curve in each of the E ◦ -panels
in Fig.1. This plateau feature can also be inferred from
the Marcus’ nonadiabatic rate expression, Eq.(14).
In the low-viscosity (τL <τther ) regime, the quantum
solvation shows a distinct ET mechanism from the classical solvation, in either the E ◦ =0 or E ◦ +λ=0 case of
study [5]. The ET is dominant by the Fermi-resonant
tunneling in the case of E ◦ =0, while it is barriercrossing event when E ◦ +λ=0. In the latter case, the
classical ET rate theory such as Eq.(14) is associated
with a barrierless reaction [5].
We are now in the position to examine the Markovian
character of the ET process. The key quantity here is
the Markovianicity parameter κ (Eq.(21)). It involves
both the reaction equilibrium constant Keq and the forward reaction rate constant k0 . The detailed knowledge on how Keq depends on the Debye solvent parameters can be found in Ref.[4]. For the rate constant,
it is interesting to notice the fact that k0 ∝ V 2 in the
low-viscosity regime, for the range of transfer coupling
strength considered in Fig.1. It implies that the rate
constant there can be well approximated by its nonadiabatic counterpart, i.e., Eq.(15) with Γ=2λkB T τL . Thus,
when E ◦ =0 and τL ¿τther
κ = λkB T τL /V

(22)

this can be used to estimate the Markovianicity parameter for a symmetric ET system (E ◦ =0, implying also
Keq =1) in the low-viscosity regime.
Figure 2 shows the evaluated values of Markovianicity κ (Eq.(21)) associated with the ET systems of
Fig.1. For E ◦ =−λ (lower-panel), the ET rate process
behaves Markovian (κ>1), even for the strong transfer
coupling (V =1 kJ/mol) case considered here. Apparently, the non-Markovian (κ<1) rate process is most
likely to occur in the Fermi-resonance tunneling regime,
where E ◦ =0 and τL ¿τther , with the approximated expression of κ given as Eq.(22).
Figure 3 depicts the scaled population evolution, ∆(t)
(Eq.(16)), in the low-viscosity (τL /τther =0.1) regime,
with V =1 kJ/mol; the upper panel: E ◦ =0, and the
lower-panel E ◦ +λ=0. The cases of two smaller values of
V , in the favor of Markovian nature, are demonstrated
in the insert in each panel of this figure. A vertical shift
on the evaluated ∆(t) in each insert is applied for the
sake of clarity. For comparison, each evaluated ∆(t)
is plotted together with its Kubo’s ∆K (t) and Markovian ∆Mar =exp(−w0 t) counterparts. The significant
non-Markovian nature is observed in the upper-panel
for the symmetric ET system with V =1 kJ/mol, where
DOI:10.1088/1674-0068/20/04/438-444
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FIG. 2 The corresponding Markovianicity parameter κ
(Eq.(21)) for each ET system in Fig.1.

the κ-parameter is found to be 0.3, agree well with the
aforementioned approximate expression of Eq.(22).
B. Effect of solvation reorganization energy

We now examine the influence of solvent reorganization energy (λ) on the rate constant (k0 ) and the
Markovianicity parameter (κ). Figure 4 shows the
k0 ∼λ curves for the specified three representing values of viscosity. Here E ◦ =–3 kJ/mol, V =1 kJ/mol,
and T =298 K. The numerical evaluation is made on
the basis of the continued fraction formalism of nonperturbative rate (the Eq.(36) with Eqs.(24)-(29) of
Ref.[4]). It is verified again that the rate in the lowviscosity (τL <τther ) regime is nonadiabatic, with the
maximum at λmax =|E ◦ |/(2kB T τL ) (cf. Eq.(15)). In
the high-viscosity (τL >τther ) regime, the rate is largely
adiabatic. However,
its maximum appears around
p
λmax ≈−kB T + (kB T )2 +(E ◦ )2 , i.e., its nonadiabatic
counterpart of Eq.(14).
Figure 5 depicts the k0 ∼τL curves for the three specified values of V , with λ=15 kJ/mol, E ◦ =–3 kJ/mol and
T =298 K. Compared with the lower-panel of Fig.1, the
ET systems in this figure are of the increased value of
solvent reorganization energy. The observed k0 ∼τL behavior in the low-viscosity regime here indicates clearly
the interplay between quantum tunneling and barrier
crossing (cf. both panels of Fig.1), with a turnover occurring at τL /τther =|E ◦ |/(2λ), as indicated in Eq.(15).
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FIG. 4 The rate constant k0 as function of the solvent reorganization energy λ, with the scaled relaxation time τL /τther
specified along each curve, E ◦ =–3 kJ/mol, V =1 kJ/mol,
and T =298 K.

FIG. 3 The scaled population ∆(t)(Eq.(16)), evaluated at
τL /τther =0.1, λ=3 kJ/mol, and T =298 K. The time variable
is given in the unit of 1/k0 for each individual case. The
results for the two smaller values of V are given in the insets,
where a vertical shift is applied for clarity. Each ∆(t) is also
associated with its Kubo’s ∆K (t) (Eq.(20)) and Markovian
∆Mar (t) counterparts.

Note that for the symmetric E ◦ =0 system whose
rate-viscosity dependence curve has been represented
by the upper-panel of Fig.1, the k0 ∼λ curve decays
monotonically (not shown explicitly here). This is also
consistent with the aforementioned λmax expression.
Figure 6 and Fig.7 present the Markovianicity κ parameters associated with Fig.4 and Fig.5, respectively.
For all the cases studied here, κ>1, implying the validity of Markovian rate constant description.
Figure 8 shows the resulting scaled population transfer, ∆(t) (Eq.(16)), of the ET system at T =298 K in the
low-viscosity regime (τL /τther =0.1), with λ=15 kJ/mol,
E ◦ =–3 kJ/mol and V =1 kJ/mol. The corresponding Markovianicity parameter κ=2.4. Those with two
smaller values of V are plotted in the inset. Included
in Fig.8 and its inset are also the corresponding Kubo’s
∆K (t) (dashed) and Markovian ∆Mar =exp(−w0 t) (dotted) curves.
DOI:10.1088/1674-0068/20/04/438-444

FIG. 5 The rate constant k0 as function of the scaled solvent
longitudinal relaxation time τL /τther , with the transfer coupling strength V specified along each curve, E ◦ =–3 kJ/mol,
λ=15 kJ/mol, and T = 298 K.

V. CONCLUSION

In conclusion, we have presented a Markovianicity
parameter κ (Eq.(21)), based on the Kubo’s motional
narrowing line-shape function, to address the nature
of electron transfer rate process. The solvent relaxation is typically in the order of picosecond, while τther
for room temperature is 26 fs. This amounts to the
high-viscosity or slow-modulation regime of the present
study. The resulting Markovianicity parameter, as depicted in Fig.2, Fig.6, and Fig.7, for its dependence on
the involving parameters, illustrates why most experimental observations do support the Markovian (κ>1)
rate constant description, i.e., Eq.(2) that leads to
∆(t)=exp[−(k0 + k00 )t].
We have pointed out that a non-Markovian rate process is most likely to occur in the symmetric ET system at the fast-modulation (low-viscosity) regime. It is
just the opposite to the spectroscopic case. According
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FIG. 6 The corresponding Markovianicity parameter κ
(Eq.(21)) for each ET system in Fig.4.

FIG. 7 The corresponding Markovianicity parameter κ
(Eq.(21)) for each ET system in Fig.5.

to the motional narrowing picture, the fast modulation
leads to a Markovian spectroscopic process [24,25]. The
above seemingly counter-intuitive phenomenon in relation to the nature of rate process may be understood as
follows. First of all, the motional narrowing picture is
applied to the spectrum of rate kernel, rather than the
population itself. The narrower the rate kernel spectrum is, the less Markovian the rate process would be.
However, this is not the complete picture. The peak position of the rate kernel spectrum, in relation to where
rate constant is evaluated, should also be considered.
It shifts from the classical Marcus’ inversion position
at E ◦ =–λ in the slow-modulation limit, to the quantum resonant tunneling at E ◦ =0 in the fast-modulation
regime. Eq.(22) that is achieved at E ◦ =0 can be considered as the lower bound of the Markovianicity κ for the
ET rate process in the fast modulation regime. Moreover, in the strong coherent transfer coupling regime,
the population dynamics may also exhibit the quantum
beat feature that is non-Markovian in a strict sense (cf.
Fig.3).
The present demonstrations are made by using the
Debye solvent model (Eq.(9)) with a semiclassical fluctDOI:10.1088/1674-0068/20/04/438-444
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FIG. 8 The scaled population ∆(t) (Eq.(16)), evaluated at
τL /τther =0.1, E ◦ =–3 kJ/mol, λ=15 kJ/mol, V =1 kJ/mol,
and T =298 K. The time variable is given in the unit of 1/k0
for each individual case. The results for the two smaller values of V are given in the insets, where a vertical shift is applied for clarity. Each ∆(t) is also associated with its Kubo’s
∆K (t) (Eq.(20)) and Markovian ∆Mar (t) counterparts.

uation–dissipation theorem. This is the only approxi2
◦2
1/2
mation involved, valid when kB T >
∼(V +E /4) . The
population dynamics and the rate constants are calculated on the basis of the hierarchical equations of
motion and its equivalent continued fraction formalism
constructed in Ref.[4], which are exact for the Debye
solvent model used here. The nonadiabatic rate expressions presented in Section II are applicable to nonDebye solvents and used as the reference in the later
discussions in Section IV. Also note that the Debye
model contains only a single dielectric relaxation time
constant. A realistic solvent usually consists of multiple time parameters, which generally enter the rate
theory in a nonlinear manner, especially in the strong
transfer-coupling regime at low temperature. We shall
investigate this complex case elsewhere.
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