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Symmetrical quasi-classical (SQC) method based on mapping Hamiltonian is an eﬃcient
approach that is potentially useful to treat the nonadiabatic dynamics of very large systems.
We try to evaluate the performance of this method in the ultrafast electron transfer processes
involving a few of electronic states and a large number of vibrational modes. The multilayer
multiconﬁgurational time-dependent Hartree (ML-MCTDH) method was used to get the
accurate dynamical results for benchmark. Although the population dynamics in the longtime limit show diﬀerences in the ML-MCTDH and SQC calculations, the SQC method gives
acceptable results.
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dynamics and its extensions [1, 2, 11], surface-hopping
dynamics [1, 2, 12–14], and so on. After the implementation of these eﬃcient methods in the manner of
on-the-ﬂy approaches [15–24], it is possible to simulate
the nonadiabatic dynamics of realistic polyatomic systems with the inclusion of all nuclear degrees of freedom.
However, we cannot neglect the limitation of these practical methods. For example, the widely-used fewestswitches trajectory surface-hopping method developed
by Tully [12] suﬀers from the improper treatment of the
electronic coherence and the appearance of frustrated
hops [1, 2, 13, 25, 26].
Alternative approach for the semiclassical approximation of nonadiabatic dynamics was proposed by
Meyer and Miller [27, 28], and later on by Stock and
Thoss [29]. Analogy of Schwinger transformation, the
MMST (Meyer-Miller-Stock-Thoss) model maps N discrete quantum states to N coupled harmonic oscillator. Liu [30] pointed out that such mapping way is not
uniquely deﬁned. Previous studies [2, 31] prove that the
combination of this mapping Hamiltonian and rigorous
semiclassical treatments (such as initial value representation) may provide the accurate description of nonadiabatic dynamics, while the large amount of computational cost limits its wide application of complicated
systems. Alternatively, if replacing the quantum operator by their classical counterpart in the mapping Hamiltonian, we obtained a fully classical Hamiltonian. This
opens the possibility to run the quasi-classical (QC) dynamics after the proper initial sampling [2]. Overall, the

I. INTRODUCTION

The simulation of the nonadiabatic dynamics of complex systems is very challenging due to the breakdown
of the Born-Oppenheimer (BO) approximation and the
involvement of a large number of strongly-coupled nuclear/electronic freedoms [1, 2]. Although the theoretical approaches based on quantum dynamics, such as
full quantum wavepacket dynamics [1], the multiconﬁguration time-dependent Hartree (MCTDH) method
[3] and multi-layer MCTDH (ML-MCTDH) method [4–
7], can provide the accurate solution of non-BO dynamics, they suﬀer from the high computational cost.
The Gaussian-wavepacket based methods, such as ab
initio multiple spawning (AIMS) [8], Gaussian-based
MCTDH (G-MCTDH) [9, 10], are promising methods for poly-atomic molecules, while the employment
of them in the large systems still requires the signiﬁcant amount of computational cost. It is thus necessary
to develop the semiclassical dynamics for the eﬀective
treatment of nonadiabatic dynamics of large systems.
Along this research line, several practical theoretical approaches were developed, such as mean-ﬁeld (Ehrenfest)
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mapping idea received considerable attention and different variants were proposed [32, 33].
In the classical dynamics simulation, the assignment
of the ﬁnal quantum state of the reaction product may
be realized by the idea of energy window [34]. For example, if the coordinate and momentum of a harmonic
vibrational mode are obtained, it is possible to get
its total classical energy. When such energy falls into
an energy window belonging to a particular quantum
state, we may assign the corresponding quantum state
of this vibrational mode. Cotton and Miller [35, 36]
suggested that the same window treatment should be
considered in the initial sampling step when it is used
in the ﬁnal assignment, resulting in the so-called symmetrical quasi-classical trajectory (SQC) method. Because of its simple implementation and its good performance in a few of model systems [37–40], this mappingHamiltonian-based SQC dynamics is assumed to be useful to treat the nonadiabatic dynamics of complicated
systems. Due to its eﬃciency, several studies try to
extend the ability of this method for the treatment
of diﬀerent situations, for examples see the work by
Tao [41–43].
Through above discussions, it is clearly known that
many theoretical methods are available in the study of
nonadiabatic dynamics. Particularly, various rigorous
semiclassical methods perform extremely well in some
model systems, which may give fully correct results consistent with quantum dynamics. However, in reality we
need to treat many realistic problems with high complexity. For example, if we wish to treat the nonadiabatic dynamics of extremely large molecular aggregates, a huge number of electronic states and nuclear degrees of freedom are included. Alternatively, if we wish
to perform the on-the-ﬂy calculations of polyatomic
systems (solvated or biological systems), the computational cost is also very large. The employment of
these rigorous semiclassical methods is still beyond the
current computational facility, even if these theoretical
frameworks work well in model systems. Thus, it is very
important to develop some cheaper theoretical methods,
which allow us to run the simulation of nonadiabatic dynamics with the balance of computational eﬃciency and
accuracy. Although surface hopping method is such a
type of methods and it shows great successes in many
applications [1, 2, 12, 13, 25, 26], it suﬀers from some
deﬁciencies, such as the overestimation of electronic coherence, frustrated hops, and so on. Therefore, it is still
essential to “look for” other possible semi-classical or
quasiclassical approaches to treat realistic complex systems. Previous studies [36, 39] showed the very good
performance of SQC method, even at low temperature.
It is reasonable to assume that the SQC may be a possible approach to treat the nonadiabatic dynamics of
realistic complex systems. Therefore, extensive benchmark calculations should be done to check its performance on more situations. However, the examination
of the accuracy of SQC can only be performed by runDOI:10.1063/1674-0068/30/cjcp1711210
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ning calculations in some model systems that can be
solved by accurate methods, because it is not possible
to get fully numerical correct results for extremely complex system. This is the purpose of this work.
In this work, we try to evaluate the performance of
the SQC dynamics with the mapping Hamiltonian in
the ultrafast electron transfer processes involving a few
of electronic states and a large number of vibrational
modes. In our previous work [44], the electron transfer
(ET) dynamics from the acene (anthracene) to C60 was
discussed by using ML-MCTDH based on the diabatic
Hamiltonian constructed from electronic structure calculations. In the current work, we wish to take this
spin-boson model to test the performance of QC and
SQC, because the accurate dynamics results can be obtained by ML-MCTDH. Our purpose here is to check
whether QC and SQC can predict the general feature
of population dynamics. More importantly, we wish to
know whether this highly approximated SQC method
can still give the qualitatively and semi-quantitatively
reasonable results or not. We wish to know how large
the deviation may be generated by the QC and SQC
methods. This may provide the valuable information on
the further employment of these methods. In addition,
because the current model also represents a typical ET
model in organic photovoltaics, this work provided the
important information on how far we can trust the results of the QC and SQC treatment on similar problems.
We believe that this work should help us understand
the performance of mapping Hamiltonian and SQC dynamics. This information will be extremely useful in
the future study of nonadiabatic dynamics of realistic
complicated systems.

II. THEORY AND METHODS
A. Hamiltonian

The diabatic model in our previous work [44] was
taken in the current calculations, which describes the
ultrafast acene (Ac)→fullerene (C60 ) electron transfer
(ET) process. The model Hamiltonian includes a donor
state (Ac*-C60 , denoted as |ψd ⟩) and three acceptor
states (Ac+ -C60 − , denoted as |ψa ⟩). The Hamiltonian
in the diabatic representation reads as follows:
H = Tnuc + |ψd ⟩ Vdd ⟨ψd | +
∑

∑

|ψa ⟩ Vaa ⟨ψa | +

a

(|ψd ⟩ Vda ⟨ψa | + |ψa ⟩ Vad ⟨ψd |)

(1)

a

where Tnuc is the kinetic energy. Vdd and Vaa are
the energies of donor and acceptor states, respectively.
Vda (Vad ) are the couplings between donor and acceptor
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represented in the discrete electronic basis (ϕk ). The
main idea of the mapping approach is to ﬁnd a way to
map the current Hamiltonian from the discrete representation to the continuous representation.
In the MMST approaches [1, 2, 26–28], a N -state
system is mapped to a N coupled harmonic oscillators.
The mapping relation is construed based on the annihilation operator âk and creation operator â+
l of the k-th
harmonic oscillator, namely
FIG. 1 Schematic diagram of the four-state Hamiltonian
model used in the current calculations, which includes one
donor state and three acceptor states, denoted as D, A1,
A2, and A3. The electronic energy of each state and the
diabatic couplings between donor state and three acceptor
states were given.

states.
∑ (d)
1∑
ωi Q2i +
κi Qi
2 i
i
∑ (a)
1∑
ωi Q2i +
κi Qi
= Ea +
2 i
i

Vdd = Ed +
Vaa

(2)

B. Quasi-classical dynamics method based on mapping
Hamiltonian

∑

∑1(

)
1∑
x̂2k + p̂2k − 1 ĥkk +
(x̂k x̂l + p̂k p̂l ) ĥkl
2
2
k̸=l

(5)
In this mapping Hamiltonian, the several coupled harmonic oscillators with their Cartesian coordinate operators x̂k and momentum operators p̂k are used to represent coupled electronic states. For simplicity, when
the term of “the coordinate and momentum of electronic part” is used in the below discussion, we refer to
the physical quantities deﬁned by the above equation
(Eq.(5)), instead of the real coordinates and momenta
of electrons.
2. Quasi-classical dynamics

If substituting the quantum operators in the MMST
Hamiltonian with their corresponding physical variables, a pure classical mapping Hamiltonian is obtained,
namely
∑1(
2
∑
1

)
xk 2 + pk 2 − 1 Hkk (Q, P ) +

k

The Hamiltonian of a N -state system Ĥ is expressed
Ĥ =

Ĥ =

HM M (x, p, Q, P ) =

1. Mapping Hamiltonian

(4)

The commutation relation of the annihilation
[
]operator and creation operator is given as âk , â+
l =δkl .
By introducing
the
Cartesian
coordinate
opera(
) √
2
and
momentum
operator
tor x̂k = âk + â+
/
√l
p̂k =i(âk −â+
l )/ 2 of the harmonic oscillator, the
MMST Hamiltonian is obtained, i.e.,

k

where Ed and Ea are energies of the donor and acceptor
electronic states at the ground-state minimum geometry. Qi are the dimensionless normal coordinates with
(n)
associated frequencies ωi , and κi (n=d, a) is the linear vibronic couplings. Here the summation is over all
nuclear coordinates. The D-A couplings Vda (Vad ) take
their zero-order couplings.
In our previous work [44], all parameters in this fourstate model including one donor state (D) and three acceptor states (A1, A2 and A3) were obtained through
electronic structure calculations. For illustration, the
energies of diabatic states and their couplings between
states were given in FIG. 1. For the electron-phonon
couplings, we have already discussed all details in previous work [44] and here we only give a short description
in Appendix.

as

|ϕk ⟩ ⟨ϕl | 7→ â+
k âl
|ϕk ⟩ 7→ |01 · · · 1k · · · 0N ⟩

ĥkl |ϕk ⟩ ⟨ϕl |

(3)

k,l

where ϕk (or ϕl ) is the k-th (or l-th) electronic state of
the system. Because we discuss the system with several
nuclear degrees of freedom, the diagonal element of ĥkl
(k=l) represents the energy (kinetic and potential energies) of an electronic state, which is a function of nuclear
coordinate and momentum operators. The oﬀ-diagonal
element ĥkl (k̸=l) denotes the interstate couplings between the k-th and l-th states. This Hamiltonian is
DOI:10.1063/1674-0068/30/cjcp1711210

2

(xk xl + pk pl ) Hkl (Q, P )

(6)

k̸=l

where xk is the classical coordinates and pk is the classical momentums for the electronic part. Q and P are
the coordinates and momentums of nuclei. Hkk and
Hkl (k̸=l), as functions of Q and P , are the classical
correspondences of the quantum Hamiltonian matrix
elements. Starting from this classical mapping Hamiltonian, it is possible to perform the proper initial sampling and run classical dynamics over many trajectories. This provides us a QC trajectory-based approach
to treat nonadiabatic dynamics. For each trajectory,
the quantum occupation number nk is represented by
c
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1/2(xk 2 + pk 2 − 1). After the evolution of many classipop
cal trajectories, the electronic population Pmap,k
of the
k-th state can be obtained by averaging quantum occupation number nk over all the trajectories
⟩
⟨
)
1( 2
pop
2
Pmap,k =
xk + pk − 1
= ⟨nk ⟩traj
(7)
2
traj
where the bracket ⟨. . .⟩traj refers that the average is
taken over all trajectories.
The mapping approach naturally provides a way to
construct the initial phase-space distribution for the
electronic part. The coordinate and momentum are
sampled by the action-angle sampling method [2] with
ﬁxed electronic action nk =0 (unoccupied) or 1 (occupied).
√
xk = 2nk + 1 cos θ
(8)
√
pk = 2nk + 1 sin θ
where the angle θ is a random number in the range of
[−π, π).
For the nuclear part, the current approach does not
deﬁne a unique way to construct the initial classical distribution function in the phase space. Thus, in principle
we may use the action-angle sampling or Wigner sampling [45, 46]. Several previous studiess replying on the
mapping approach took the Wigner sampling for the
nuclear motion [37, 47, 48] and this way is also widely
used in many other semiclassical dynamics [15–25, 49],
we thus employed this approach.
Starting from each initial condition, the classical
dynamics on the basis of mapping Hamiltonian are
calculated. After the dynamics evolution, for a single trajectory the coordinate xk and momentum pk
for the k-th electronic states should be obtained and
the corresponding
electronic
population is given by
(
)
nk =1/2 xk 2 + pk 2 − 1 . Then the electronic populapop
tion Pmap,k
of the k-th state can be obtained by averaging quantum occupation number nk of mapping electronic degrees of freedom over all trajectories, namely
pop
Pmap,k
=⟨nk ⟩traj .
3. The symmetrical quasi-classical method

In the quasi-classical dynamics based on the mapping
Hamiltonian, it is also possible to obtain the distribution of ﬁnal quantum states (occupation) by calculating the ﬁnal values of the action variables accumulated
in “bins” (or histograms) centered at 0 or 1. In recent years, Cotton and Miller [35] proposed that such
the “bin” idea should be employed for both initial-state
sampling and ﬁnal-state assignment. In this symmetrical quasi-classical (SQC) method, the classical action
variables nk are “quantized” symmetrically (i.e., initially and ﬁnally) by deﬁning “window functions” Wk ,
(
)
∆n
1
h
− |nk − N |
(9)
Wk (nk , N ) =
∆n
2
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where h(z) is the Heaviside function, i.e. h(z)=0 when
z<0 and h(z)=1 when z≥0. ∆n is the window width.
The window is centered at the quantum values N =1
(occupied) or 0 (unoccupied), i.e., nk is required to be
in the interval [N −∆n/2, N +∆n/2]. In this method,
nk =1/2(xk 2 +pk 2 −γ), γ is a parameter accounting for
the eﬀective zero-point energy [47, 48] and γ=∆n. As
deﬁned in the last subsection, xk are the classical coordinates and pk the classical momentums for the electronic part.
In the SQC approach, the initial sampling of the
phase space for the electronic part is performed with
the action-angle sampling by setting the action within
a window with the width of γ and the center at 0 or
1. For the ﬁnal states, the same binning way is also
performed for the assignment of the quantum state of
occ
the product. The time-dependent occupations Pmap,k
of electronic states are evaluated by the below average
over all trajectories
A
occ
Pmap,k
(t) =
B
⟨[
]
∏
A=
Wi (ni (0), 1)
Wl (nl (0), 0) ·

(10)

l̸=i

]⟩
[
∏
W
(n
(t),
0)
Wk (nk (t), 1)
l l
traj

l̸=k

]
Ns ⟨[
∑
∏
B=
Wi (ni (0), 1)
Wl (nl (0), 0) ·
m

l̸=i

]⟩
[
∏
Wl (nl (t), 0)
Wm (nm (t), 1)
l̸=m

traj

in which the average is over all trajectories and the summation of the index m is over all electronic states.
Next, we explain the numerical details of the
SQC methods. At time 0, we assume that only
one electronic state (state i) is occupied and all
other states are unoccupied.
For the occupied
state i, ni (0) is in the interval [1−γ/2, 1+γ/2] and
Wl (nl (0), 1)=1/γ after the proper initial sampling.
For any unoccupied state l, nl (0) is in the interval
(ni (0), 9)=1/γ. Thus,
[ [0−γ/2, 0+γ/2] and Wi]
∏
N
Wi (ni (0) , 1) Wl (nl (0) , 0) =(1/γ) s , where Ns is
l̸=i

the number of states. At time t, the electronic population (nk (t) of the k-th
) state can be calculated by
nk =1/2 xk 2 + pk 2 − γ for a single trajectory. The
above relationship can be used again to judge the quantum state by assigning the occupation value according
to window functions. When the state k is occupied
and
the product of
[ the other states are all unoccupied,
]
∏
N
Wk (nk (t) , 1)
Wl (nl (t) , 0) =(1/γ) s . In all the
l̸=k

other cases, this product equals zero. If two or more
states are occupied or no state is occupied at time t,
c
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the product of window functions also equals zero. Then
occ
the time-dependent occupation Pmap,k
of the k-th electronic state is calculated according to Eq.(10).
Following previous discussions [35, 47], the SQC dynamics with γ=1 and the SQC dynamics with γ=0.732
were considered. For a clear illustration in this work,
pop
occ
we always use Pmap,k
and Pmap,k
to represent of the
electronic population (Eq.(7)) and state occupation
(Eq.(10)) of the k-th state. For the QC dynamics with
the mapping Hamiltonian, we label it as “non-window
QC dynamics”. When the window is used, we always
use the SQC approach to represent this situation. The
convergence of SQC calculations and the dependence of
results on the number of trajectories are discussed in
Appendix.
C. ML-MCTDH

In traditional quantum wave packet dynamics, a
group of time-independent basis for each primary coordinate is used to represent the wave function, and the
time-dependent coeﬃcients evolve with time. MCTDH
employs the time-dependent bases to represent wave
function, i.e.
Ψ (Q1 , · · · , Qf , t) =
n1
∑

···

j1 =1

nf
∑

Aj1 ···jf (t)

f
∏

(κ)

φjκ (Qκ , t)

(11)

κ=1

jf =1

where f is the number of degrees of freedom. Aj1 ···jf
(κ)
is time-dependent coeﬃcient and φjκ is the timedependent basis function namely single particle function (SPF). Qk refer to the primary coordinates. Using
the variational principle, the coeﬃcient and SPFs time
evolution of the equations of motion can be obtained.
ML-MCTDH is an extension of the standard
MCTDH method. In ML-MCTDH, the wave function
is represented by a multilayer tree structure (shown in
FIG. 2), which is expanded by the multi-dimensional
SPFs recursively until the time-independent bases of
each primary coordinate are reached. In other words,
an SPF in the upper layer is an expansion of SPFs in
the lower layer; i.e.,
n1
) ∑
(
l−1;κ1 ···κl−1
1 ···κl−2
,
t
=
···
Qκl−1;κ
φm
l−1
j1 =1
nκl

∑
jpκ =1
l

pκl

l;κ ···κ

(t)
Am;j11 ···jl−1
pκ
l

∏

)
( l;κ1 ···κ
1 ···κl
l−1
, t (12)
φl;κ
Qκl
jκ
l

κl =1

where l denotes the layer depth, and κ1 ,. . ., κl−1 denote
the indices of the logical degrees of freedom of the up1 ...κl
is the jκl -th
per layer down to a lower layer. φl;κ
jκ+l
SPF for each degree of freedom κl on the layer l and
l;κ ···κ
Qκl 1 l−1 are collective coordinates of the SPF. Then
DOI:10.1063/1674-0068/30/cjcp1711210

FIG. 2 Schematic tree structure for the ML-MCTDH wavefunctions.

the equation of motions (EOMs) of ML-MCTDH can
be resolved by applying variational principle and the
recursive algorithm [4–7].
The construction of the reasonable tree expansion of
a wave packet is not a trivial task, which directly aﬀects
the accuracy and eﬃciency of calculation. Because this
topic involves deep theoretical discussions beyond the
current work, we refer readers to check previous studies
[4–7, 50–53].
We tried to run ML-MCTDH calculations to get the
accurate dynamical results for benchmark. The MLMCTDH calculations were performed using the Heidelberg MCTDH package [54]. For convenience, we used
pop
Pml,k
to represent electronic population of the k-the
state in ML-MCTDH.
Previous work [44] already provided a proper tree expansion with the reliable description of ultrafast dynamics to 120 fs. Because we wish to know the longtime dynamics behavior of the QC and SQC dynamics, all ML-MCTDH dynamics are re-calculated up to a
longer time (150 fs). Because the test calculations show
that the population dynamics becomes stable after 120
fs, the same tree expansions employed in previous work
were taken in the current study.
III. RESULTS AND DISCUSSION
A. Dynamics of two-state models

We ﬁrst considered a few of two-state models including a donor (D) and an acceptor (A1) state for the evaluation of the performance of the mapping approaches.
Various models with diﬀerent numbers (7, 11, 16, 44
and 246) of vibrational degrees of freedom were considered. The time-dependent electronic populations were
calculated using ML-MCTDH and diﬀerent mapping
approaches. Because previous studies recommended the
symmetrical window, we do not consider the calculaocc
tions of state occupation Pmap,k
in the no-window quasiclassical dynamics with mapping Hamiltonian. Only in
the SQC dynamics approach, we computed the state occupation using Eq.(10). All results are shown in FIG.
3.
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FIG. 3 Time-dependent electronic population (or occupation) of the donor state in various two-state models treated by
pop
diﬀerent dynamical methods. Black solid thin lines denote Pml,k
, the electronic populations obtained by ML-MCTDH
pop
calculations. Red dashed lines denote Pmap,k , the electronic populations obtained by quasi-classical dynamics based on
occ
the mapping Hamiltonian. Blue solid thick lines denote the electronic occupations Pmap,k
obtained by the SQC dynamics
based on mapping Hamiltonian. Labels A, B and C denote that the mapping results were calculated using no-window
quasi-classical dynamics, SQC method with γ=1 and SQC method with γ=0.732, respectively. Labels 1, 2, 3, 4, 5 denote
ﬁve two-state models including 7, 11, 16, 44 and 246 vibrational modes respectively.

In FIG. 3 (A1)−(A5), both ML-MCTDH and nowindow quasi-classical dynamics with mapping Hamiltonian provide similar results of the time-dependent
electronic population of the donor states, while in all
cases the result diﬀerence appears in the long-time limit.
When more nuclear degrees of freedom are included,
the no-window QC dynamics show more deviation on
the time-dependent donor-state population with respect
to the ML-MCTDH results. Such diﬀerence may come
from the improper treatment of the detailed balance,
because the quasi-classical dynamics mapping essentially share some similarity to the Ehrenfest dynamics
[1, 2]. It is well known that the Ehrenfest dynamics
does not obey detailed balance in the long-time simu-

DOI:10.1063/1674-0068/30/cjcp1711210

lation limit [1, 2, 55]. Thus, the similar problems may
also exist in the current approach.
In addition, we also noticed that the electronic poppop
ulation Pmap,k
of the donor state drops to less than
zero with time being in the two-state models with 11,
16 and 44 modes. Previous work also noticed similar
feature [2, 48]. Because the energy of all modes tends
to become equal in classical dynamics, the energy ﬂow
takes place from the high-frequency modes to the lowfrequency modes. In the current system, two electronic
states are represented by two coupled harmonic oscillators. The energy of the high-frequency oscillator (corresponding to the higher diabatic electronic state) drops
to lower than its zero-point energy (ZPE) due to the
c
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energy ﬂow in classical dynamics [47]. Thus, the electronic population of the donor state ﬁnally becomes less
than zero. Somehow, this ZPE problem is also one of
reasons that cause the improper account of detailed balance [47, 55, 56].
The results based on SQC method with γ=1 are given
in FIG. 3 (B1)−(B5). Roughly speaking, the results
of no-window quasi-classical dynamics with the mapping Hamiltonian and the SQC dynamics with γ=1 give
similar results on the time-dependent electronic populations, except the visible diﬀerent in the case of the 7mode model (FIG. 3(B1)). The similar problem of the
negative electronic population is observed in the cases of
the two-state models with 11, 16 and 44 modes (FIG. 3
(B2), (B3) and (B4)). This negative-population problem is naturally avoided by considering the average electronic occupations in the SQC dynamics. However, the
inclusion of the window trick does not strongly improve
the consistency between the electronic occupation in the
pop
SQC dynamics and the electronic population Pml,k
in
the ML-MCTDH dynamics (see FIG. 3 (A) and (B)).
Stock and coworkers [47, 48] once proposed to lower
the zero-point energy to alleviate the above negative
population problem. Later on, Cotton and Miller [35]
also recommend using the similar idea in the SQC treatment. By checking the SQC results in several test examples, they recommend to set γ=0.732. This gives a lower
zero-point energy and a narrow energy window. When
their approaches were employed, we still noticed the appop
pearance of the negative electronic population Pmap,k
in the long-time dynamics, the consistency between the
occ
electronic occupation Pmap,k
in the SQC dynamics and
pop
the electronic population Pml,k in the ML-MCTDH dynamic becomes signiﬁcantly improved. In the model
with 246 modes, the deviation still exists although such
diﬀerence becomes smaller compared with the SQC dynamics with γ=1.
For reduced models, the shift of potential minimum,
(a)
(d)
∆xi =|κi −κi |/ωi , along each mode was used as criterion to characterize the electron-phonon couplings. And
∆xi >0.6, ∆xi >0.5, ∆xi >0.4, and ∆xi >0.2 correspond
to the 7, 11, 16, and 44 modes. Generally speaking,
the electronic coherence is gradually dissipated as the
number of modes increases. However, as the number of
modes increasing, more vibrational modes with frequencies close to the Rabi oscillation of the pure electronic
dynamics are incorporated. This may create the complicated electronic dynamics if the number of modes in the
model is not large enough. This may explain why in a
few cases the short-time electronic coherence is slightly
enhanced. When the mode number is large enough,
we expect that the coherence should deﬁnitely become
weaker with the increasing of mode number. Actually,
the coherence in the 246-mode model is weaker than
that of 44-mode model both in short-time region and
long-time region.
DOI:10.1063/1674-0068/30/cjcp1711210

FIG. 4 Time-dependent diabatic electronic populations and
occupations of the full dimensional model including 4 states
(D, A1, A2, A3) and 246 vibrational modes. (A) Popupop
lations using ML-MCTDH (Pml,k
), (B) populations using
pop
the SQC dynamics with γ=1 (Pmap,k
), (C) occupations usocc
ing the SQC dynamics with γ=1 (Pmap,k
), (D) populations
pop
using the SQC dynamics with γ=0.732 (Pmap,k
), (E) occuocc
pations using the SQC dynamics with γ=0.732 (Pmap,k
).

B. Dynamics of full dimensional model

In this section, the SQC dynamics methods with γ=1
and γ=0.732 were used to treat the full dimensional
ET model including 4 states (D, A1, A2, A3) and 246
vibrational modes. All SQC and ML-MCTDH results
are shown in FIG. 4.
As shown in FIG. 4A, the ML-MCTDH population
pop
Pml,donor
of the donor state decays to 0.5 in very short
time (∼16 fs). After a few weak recurrences, the populations of D reaches a plateau (nearly zero). After
120 fs, the population dynamics becomes stable, all
three acceptor states are populated and their ratio is
A1:A2:A3=0.63:0.29:0.08. As expected, the lower A
state gets more population.
In both QC and SQC dynamics, we ﬁrst discuss the
state occupation instead of electronic population. As
occ
of the
shown in FIG. 4(C), the occupation Pmap,donor
donor state decays to 0.5 within 12 fs in the SQC dynamics with γ=1, which is close to the ML-MCTDH
results. However, afterward the decay of the donorocc
state occupation Pmap,donor
becomes much slower and
occ
the time-dependent occupation Pmap,donor
was remarkpop
ably diﬀerent from the ML-MCTDH results Pml,donor
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(FIG. 4(A)). The occupations of all electronic states
become stable after 125 fs. The ﬁnal occupations of D,
A1, A2 and A3 states are 0.29, 0.38, 0.23 and 0.10, respectively at 150 fs. The decay of the donor-state occupation does not go to zero, diﬀerent from ML-MCTDH
results. For the acceptor states, the branching ratio of
state occupation at the end of dynamics is qualitatively
consistent with the ML-MCTDH results, except that
the slightly larger diﬀerence exists in the occupation of
the A1 state.
The above diﬀerence between SQC and ML-MCTDH
results is obviously reduced when γ=0.732 was used in
the SQC dynamics (FIG. 4(E)). This improvement is
consistent with results in the two-state models. The
occ
occupation Pmap,donor
of the donor state decays to 0.5
occ
in about 16 fs. Although the decay of Pmap,donor
in
the SQC dynamics with γ=0.732 also becomes a little
slower compared to the ML-MCTDH result, the overall
decay feature is similar. At 150 fs, the occupation of
the D, A1, A2 and A3 states are 0.20, 0.49, 0.26 and
0.09, respectively. However, due to the lack of detail
occ
balance, the electronic occupation Pmap,k
deviates from
pop
the electronic population Pmap,k in the long-time limit.
Although the existence of this deﬁciency, the SQC dynamics with γ=0.732 seems to give the consistent results with the ML-MCTDH dynamics, at least at the
qualitative and semi-quantitative levels.
As shown in FIG. 4 (B) and (D), it is very interestpop
ing to notice that the electronic populations Pmap,k
of
the SQC dynamics are similar to the ML-MCTDH results, particular in the case of γ=0.732. This tendency
is diﬀerent from the situation in the two-state models. However, we should notice that such consistency is
only valid for the short-time dynamics. In the long-time
pop
SQC dynamics, the electronic population Pmap,donor
of
the donor state always drops below zero in both the γ=1
(FIG. 5(A)) and γ=0.732 (FIG. 5(B)) situations. Thus,
as discussed in previous work and the 2-state model in
the current work, it seems that the population of the
higher electronic state always tends to become negative
in the long-time dynamics. As discussed previously [47],
this problem is associated with the zero-point energy
leaking problem as the results of fully classical simulapop
tion. In this sense, it is not suitable to use Pmap,k
to
describe the population dynamics in the QC dynamics
with mapping Hamiltonian. This also indicates that
some additional eﬀorts should be made to improve the
performance of QC dynamics or to develop more consistent but cheap approaches.
FIG. 3 and FIG. 4 indicate that both mappingHamiltonian based QC and SQC methods underestimate the oscillation pattern in the population dynamics. It is well known that such oscillation is governed by
coherence, thus it means that both approaches underestimate the coherence. Previous studies [37, 39] showed
that the SQC might reproduce the coherence eﬀects in
some models, while it also underestimates such eﬀects
in other cases, such as with strong electronic couplings
DOI:10.1063/1674-0068/30/cjcp1711210
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FIG. 5 Long-time time-dependent diabatic electronic populations and occupations of the full dimensional model including 4 states (D, A1, A2, A3) and 246 vibrational modes. (A)
pop
Populations using the SQC dynamics with γ=1 (Pmap,k
),
(B) populations using the SQC dynamics with γ=0.732
pop
(Pmap,k
).

or at low temperature. At the same time, the situation with overestimation of coherence does not appear
at all in both of previous studies and current work. The
underline reason may be relevant to the fact that the
mapping-Hamiltonian based QC and SQC methods employed the classical dynamics, while the coherence is a
quantum eﬀect. Also due to this reason, the underestimation of coherence happens much easier at the low
temperature. Further discussion on temperature eﬀect
is given in Appendix.
Overall, we found that the electronic occupation in
the SQC dynamics with γ=0.732 can provide the reasonable description on the nonadiabatic dynamics of
the current model at least at the qualitative and semiquantitative levels. Considering its high eﬃciency, it is
worthwhile to employ it in the treatment of other model
systems with similar Hamiltonian, or even more general
systems. Therefore, more additional eﬀorts should be
made in the further development of the QC and semiclassical dynamics method based on mapping Hamiltonian.
IV. CONCLUSION

In this work we examined the performance of the
quasi-classical dynamics method based on mapping
Hamiltonian by checking its results against the accurate ones obtained with the ML-MCTDH method. The
electron transfer models in acene/C60 system studied in
our previous work was used in current work. A few of reduced dimensional two-state models were constructed,
which includes diﬀerent numbers of vibrational modes.
The full dimensional model with 246 modes and 4 electronic states was also used. We consider the nonwindow QC dynamics with the mapping Hamiltonian
and the SQC dynamics with the mapping Hamiltonian.
In all cases, all quasi-classical dynamics methods can
capture the main feature of the nonadiabatic dynamics
qualitatively. However, the negative electronic population may appear in the long-time dynamics no matter
c
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whether the ‘window’ trick is applied or not. The electronic occupation obtained in the SQC dynamics is a
good alternative choice to measure the electronic dynamics because of its positive feature. Consistent with
previous studies, it is also preferable to choose a lower
zero-point energy and narrow energy window (γ=0.732)
to improve the accuracy of the SQC dynamics. Although some diﬀerence exists between the results of
ML-MCTDH and SQC dynamics, the SQC dynamics
with the mapping Hamiltonian give qualitatively reasonable results. Because the SQC dynamics method
with the mapping Hamiltonian is quite simple and eﬃcient, thus it shows great potential to treat nonadiabatic
dynamics of extremely large systems. Also, due to such
reason, additional eﬀorts should be made to make the
further improvement of the quasi-classical and semiclassical dynamics based on mapping Hamiltonian.
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APPENDIX A: Electron-phonon couplings

For the reduced models, the shift of potential mini(a)
(d)
mum, ∆xi =|κi −κi |/ωi , along each mode was used
to characterize the electron-phonon couplings. Frequencies and coupling strengths of vibrational modes of the
acene/C60 system are provided in FIG. 6.

Jie Zheng et al.

FIG. 6 The shift of potential minima, ∆xi , for all normal
modes (left column) and along the modes with ωi >100 cm−1
(right column) for the three acceptor states (denoted as A1,
A2, A3). Reproduction with the permission from J. Chem.
Phys. 142, 084706 (2015). Copyright 2015 AIP Publishing.

temperature and the ML-MCTDH method is more eﬃcient at zero and low temperature.
In the current model system, the ET dynamics is
extremely fast (<100 fs). This means that very lowfrequency modes with slow motion should have minor
eﬀects on the population dynamics and the temperature eﬀect should be very weak. This was proven by
our previous work [44] using ML-MCTDH method. We
also run both QC and SQC calculations at two diﬀerent temperatures, 0 and 300 K (FIG. 8). For all three
methods, the temperature eﬀects are really minor. Certainly, if the dynamics become slower, the temperature
eﬀects should become more signiﬁcant.

APPENDIX B: Convergence test

Generally speaking, 2000−5000 trajectories are
needed to obtain converged results in the SQC calculations. We choose the 4-state-246-mode model with
γ=0.732 as an example. Population and occupation
results with diﬀerent number of trajectories are given
in FIG. 7. The calculations with 2000 trajectories give
reasonably converged results. In all of our mapping calculations, 5000 trajectories were used to make sure to
achieve convergence.

APPENDIX C: Temperature effect

The temperature applied in most calculations of this
paper is 0 K. The classical treatment of molecular motion (QC and SQC methods) is more suitable for high
DOI:10.1063/1674-0068/30/cjcp1711210

Because low frequency modes are not relevant to the
ultrafast dynamics here, we may think that the current
model in fact deﬁnes a low-temperature situation considering relevant modes. It is certainly true that the
QC and SQC methods may show some deviation in this
situation. However, we still wish to run QC and SQC
dynamics, because we really wish to know how large of
the result deviation may come out by using these highlyapproximated methods, compare with the accurate MLMCTDH results. Particularly, we wish to know whether
the results are at least qualitatively/semi-quantitatively
reasonable or completely wrong. As discussed in the
main manuscript, we found that the electronic occupation in the SQC dynamics with γ=0.732 can provide
the reasonable description on the nonadiabatic dynamics of the current model at least at the qualitative and
semi-quantitative levels.
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FIG. 7 Time-dependent diabatic electronic populations and
occupations of the full dimensional model with diﬀerent
number of trajectories. (A) Populations using the SQC dypop
namics with γ=0.732 (Pmap,k
), (B) occupations using the
occ
SQC dynamics with γ=0.732 (Pmap,k
).

FIG. 8 Time-dependent diabatic electronic populations and
occupations of donor state in the full dimensional model at
diﬀerent temperatures of 0 and 300 K. (A) Populations using
pop
the SQC dynamics with γ=0.732 (Pmap,donor
), (B) occupaocc
tions using the SQC dynamics with γ=0.732 (Pmap,donor
).
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