CHINESE JOURNAL OF CHEMICAL PHYSICS

VOLUME 32, NUMBER 3

JUNE 27, 2019

ARTICLE

Crystallization, Vitrification, and Gelation of Patchy Colloidal Particles
Shu-jing Liua,b , Jiang-tao Lia , Fang Gua ∗ , Hai-jun Wanga,c ∗
a. College of Chemistry and Environmental Science, Hebei University, Baoding 071002, China
b. College of Science, Agricultural University of Hebei, Baoding 071001, China
c. Chemical Biology Key Laboratory of Hebei Province, Hebei University, Baoding 071002, China
(Dated: Received on October 22, 2018; Accepted on November 24, 2018)

We present the phase diagrams for neutral patchy colloidal particles whose surface is decorated by different number of identical patches, where each patch serves as an associating
site. The hard-core Lennard-Jones (LJ) potential and associating interaction are incorporated into the free energies of patchy particles in phases of the fluid (F), random close packing
(RCP), and face-centered-cubic (FCC) crystal. A rich phase structure of patchy particles
with F-F, F-RCP, and F-FCC transitions can be observed. Meanwhile, the sol-gel transition
(SGT) characterizing the connectivity of patchy particles is also investigated. It is shown
that, depending on the number of patches and associating energy, the F-F transition might
be metastable or stable with respect to the F-RCP and F-FCC transitions. Meanwhile, the
critical temperatures, critical densities, triple points, and SGT can be significantly regulated
by these factors.
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kind of connectivity could further result in the sol-gel
transition (SGT) or gelation of patchy particles [31–
34]. These rich physical phenomena have opened up
an active field to address some fundamental questions
from different disciplines. As a result, the equilibrium
and dynamic properties of patchy particles have been
studied [35–38], which mainly include the self-assembly,
pattern structures, gas-liquid transition, glass transition, crystallization, transition dynamics, and so forth.
In this work, we pay our attention to several kinds of
interesting transitions associated with neutral patchy
colloidal particles. An attempt is made to investigate
how the associating interaction between patchy particles affects phase structures of the system. The first
transition is the fluid-fluid (F-F) transition known as
the F-F phase separation, in which fluid phases of low
density and high density patchy particles are involved.
The second is the fluid-crystal transition, where the
face-centered-cubic (FCC) lattice is taken as an example of the crystal phases. The third is the glass transition of patchy particles, where a random close packing
(RCP) structure with a density of maximum packing
is chosen as the glassy state of patchy particles. The
last one is the SGT due to the connectivity of patchy
particles, where a colloidal gel network can be formed
as a result of the associating interaction. Therefore we
will consider F-F, F-FCC, F-RCP transitions as well as
SGT occurring in the system of patchy particles.
Nowadays the RCP phase has been identified as the
glassy state of matter [39–42]. Hence the F-RCP transition is also referred to the glass transition or vitrification. It should be stressed that the RCP phase is not
an equilibrium thermodynamic phase at all, and thus,

I. INTRODUCTION

In a recent decade, patchy colloidal particles have attracted intensive attention from many fields. In experiments [1–5], various techniques available for the surface modification have been successfully employed to
prepare patchy particles with different shapes and compositions [6–11]. The modified surface of a colloidal
particle is usually composed of many functional subareas with adjustable areas and chemical components,
which are called the patches. This made it possible
to regulate the valence (the number of patches) of a
patchy particle, and further the energy and range of
the interaction between two patchy particles [12–14].
In addition to synthesized patchy particles, some natural biological macromolecules (for instance, globular
proteins) can be considered as the patchy particles [15–
17], whose anisotropic interaction may be described in
terms of effectively attractive patches.
Inspired by relevant experiments, there has been
an increasing theoretical effort devoted to aggregation
states and phase structures of the patchy particles [18–
26]. As a matter of fact, the system of patchy colloidal
particles is very complicated because the phase separation, vitrification, and crystallization could take place
[27–30]. Meanwhile, colloidal clusters with various sizes
and configurations can be generated through the association between patches from different particles. This
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the F-RCP transition is not a true equilibrium phase
transition. Strictly speaking, the F-RCP transition belongs to a kinetic transition because the glassy state
may have different densities depending on the kinetic
conditions. Bearing in mind that the accessible structures at high densities do not necessarily need to be a
crystal because a glassy state might take a high density,
too. Consequently, the RCP phase or the glassy state is
always metastable in nature. Nevertheless, since most
of materials can be trapped in the glassy state for a very
long time, such a trapped state can be thought of as an
intermediate phase between fluid and crystal phases.
It is not a trivial task to study the F-RCP transition.
So far almost all proposed theoretical models and simulations on the glass transition require considerable computations concerning the corresponding kinetics and dynamics [43–46]. In this work, the standard theory of
phase transitions is employed to treat the F-RCP transition. Specifically, the RCP phase with the density
of maximum packing of this kind of structures is used
to illustrate several relevant problems, which plays in
essence the role of the critical or boundary density in
our treatment. Of course, such a treatment needs to be
further verified due to the lack of a rigorous theoretical
foundation on this issue. The aim is merely to qualitatively capture some common features on the glass
transition of patchy particles.
In this work, the expressions of the free energy per
particle in fluid, RCP and FCC phases are presented,
whereby the phase diagrams can be calculated by the
principle of phase equilibria. The phase diagrams describing F-F, F-FCC, and F-RCP transitions are illustrated under various conditions. A significant effect
of patch-patch associating interaction on these phase
structures is found. Also, we discuss the relationship between glass transition and crystallization of patchy colloidal particles. The interplay between SGT and glass
transition are analyzed by combining the SGT together
with F-F and F-RCP transitions. We also discuss some
drawbacks to be improved.

II. MODEL AND THEORY

teractions between two patchy particles would be taken
into account to present some physical properties of the
system.
Let r be the distance between two patchy colloidal
particles, the hard-sphere repulsion potential V HS (r)
between them is infinity for r<σ, and zero otherwise.
As is usually the case, the interparticle dispersion interaction can be given by the conventional Lennard-Jones
(LJ) potential:
]
[( )
σ 12 ( σ )6
−
, r≥σ
(1)
VDIS (r) = 4εLJ
r
r
where εLJ measures the minimum of the LJ potential,
which is also known as the dispersion energy.
In the system of patchy particles, the most important interaction is the interparticle association resulting
from the patch-patch attraction. Experimentally, this
kind of association can be effectively regulated by both
the number of patches and the features of patches such
as area, geometry, and chemical compositions. Theoretically, a simple square-well (SW) potential can be
used to model the associating interaction of a pair of
patches from distinct particles, which would specify the
association energy and attraction range as well as the
separation and orientation of two patches [47].
However, it is not easy to deal rigidly with an interparticle interaction with the orientations. A customary treatment is to take advantage of an effective interaction potential with only the distance dependence.
To this end, an angle-average of the used SW potential over all orientations of two particles has to be performed to obtain a desired associating potential. Such
an average can be undertaken according to the proposal
given by Wertheim [48]. As we have done in a previous
study [49], this yields the following two-body associating (ASS) potential:
VASS (r) = −mεASS S(r, λ),

2

S(r, λ) =
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(2)

where εASS measures the association energy, and λ denotes the patch-patch attraction range over which the
patch-patch attraction is forbidden. Meanwhile, the degeneracy of the association pairs has been taken into
account, and the function S(r, λ) takes the form:

A. Interactions between two patchy colloid particles

We consider a system consisting of hard-sphere colloidal particles with diameter σ, in which each particle
is neutral and possesses m identical patches decorated
uniformly on the surface. For convenience, such colloidal particles are named as the Am type of patchy
particles. Of particular interest is that there exists an
attraction between two patches from different particles
under proper distance and orientation. This makes each
patch serve as an associating site in such a way that
each colloidal particle is capable of bonding with another through the patch-patch attraction. As usual, the
hard-sphere repulsion, dispersion, and associating in-

σ ≤r ≤σ+λ

(λ + σ − r) (2λ − σ + r)
6σ 2 r

(3)

Throughout this work, λ=0.12σ has been used to avoid
multiple associations of a patch following the proposal
of Sciortino and coworkers [50, 51]. This guarantees
that each site is engaged at most in one pair of association.
B. Free energy per patchy particle in the fluid phase

The phase equilibria can be investigated in a straightforward manner when the free energies of particles in
c
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different phases are figured out. In practice, it is more
convenient to use the free energy per particle to predict
the phase equilibria, instead of the free energy. For
patchy colloidal particles in the fluid phase, the corresponding free energy can be derived under the framework of thermodynamic perturbation theory [52]. According to the above-mentioned interparticle interactions, the free energy per particle in the fluid phase
of number density ρ can be written as:
F
F
F
F
f F (ρ) = fID
(ρ) + fHS
(ρ) + fDIS
(ρ) + fASS
(ρ)

(4)

where the superscript “F” is inferred to the fluid phase
F
F
F
(ρ), fHS
(ρ), fDIS
(ρ), and
of patchy particles, and fID
F
fASS
(ρ) denote contributions from the ideal part, hard
sphere repulsion, dispersion, and associating interactions, respectively.
F
F
(ρ) is exactly known as fID
(ρ)=
In Eq.(4), fID
−1
3
β [ln(ρΛ )−1] with the de Broglie thermal wavelength
Λ, while β −1 ≡kB T is the product of the Boltzmann
constant kB and absolute temperature T . The hard
F
sphere part fHS
(ρ) can be obtained from the CarnahanStarling equation [53]:
F
βfHS
(ρ) = η

4 − 3η
2

(1 − η)

(5)

π
in which η= ρσ 3 is the packing fraction of colloidal
6
particles in the bulk phase. The dispersion free energy
F
per particle fDIS
(ρ) can be derived from the LJ potential in Eq.(1),
32
(6)
ηβεLJ
3
Furthermore, with the aid of statistical association
fluid theory [50–52], the association free energy per parF
ticle fASS
(ρ) can be given by:
[
p]
F
βfASS
(ρ) = m ln(1 − p) +
(7)
2
where p is defined as the associated fraction of patches,
which is determined by the following mass action law
for describing the associating interaction between two
patches [51, 54]:
p
(8)
2 = ρVb gHS (ρ)[exp(βεASS ) − 1]
m(1 − p)
F
(ρ) = −
βfDIS

where Vb is the patch-patch associating volume, gHS (ρ)
is the radial distribution function of hard sphere fluid
at density ρ. In this work, Vb =0.332×10−3 σ 3 has been
employed to satisfy the requirement of the single bond
per patch on associating [51]. More strictly, a modified
gHS (ρ) [55] should be used to take into account the effect
of patch-patch attraction range λ. Note that λ=0.12σ
has been adopted to avoid multiple associations of a
patch. In such a situation, little difference between values of p evaluated using gHS (ρ) and its modified form
can be observed, and the corresponding influence on the
phase diagrams is negligible. In this sense, gHS (ρ) is a
good approximation and can be used in Eq.(8).
DOI:10.1063/1674-0068/cjcp1810231
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C. Free energy per patchy particle in FCC and RCP
phases

For brevity, hereafter some physical quantities with
the superscript “S” would imply that they correspond
to the FCC or RCP phases. In this way, the free energy
per particle can be expressed as a sum of four terms:
S
S
S
S
f S (ρ) = fID
(ρ) + fHS
(ρ) + fDIS
(ρ) + fASS
(ρ)

(9)

S
S
S
S
where fID
(ρ), fHS
(ρ), fDIS
(ρ), and fASS
(ρ) are the contributions of the ideal part, hard core repulsion, dispersion, and associating interactions to the free energy
S
per particle, respectively. In the equation, fDIS
(ρ) and
F
S
(ρ)
fASS (ρ) have been arranged to be the same as fDIS
F
and fASS (ρ).
S
On the basis of the cell theory [42], fHS
(ρ) can be
written as:
{ [
( ρ )1/3 ]}
S
βfHS
(ρ) = 3 ln 2 1 −
(10)
ρcp

in which ρcp is the density of maximum packing
(also the closest packing)
√ in the phase of interest.
3
For instance, ρFCC
σ
=
2 in a FCC lattice, and
cp
3
σ
=1.203
in
a
RCP
phase.
Furthermore, making
ρRCP
cp
use of the dispersion interaction given in Eq.(1), one
can obtain the corresponding dispersion free energy per
particle:
[( ρ )4
( ρ )2 ]
S
fDIS
(ρ) = 2εLJ
M12 −
M6
(11)
ρcp
ρcp
where M6 and M12 denote the Madelung constants [56]
resulting from attraction and repulsion interactions between particles, respectively.
For simple cubic (SC), body-centered-cubic (BCC),
and FCC lattices, Madelung constants M6 and M12 are
available in Ref.[56]. From M6 and M12 for SC, BCC,
and FCC lattices given in Table I, an obvious density
dependence of M6 and M12 can be found. Note that the
positions of particles in the RCP phase are randomly
distributed. As such, neither explicit expressions nor
relevant data for M6 and M12 in the RCP phase are
available due to such a randomness of positions of particles.
Nonetheless, one can find that within the framework
of the cell theory, the free volume of a particle in a
solid phase is closely related to the density of maximum packing ρcp , so do the Madelung constants M6
and M12 . Inspired by this kind of density dependence,
we intuitively think that this fact holds true in the RCP
phase. Consequently, an exponential fitting by consid3
ering ρRCP
cp σ =1.203 enables us to find that M6 =10.78
and M12 =7.76 in a RCP lattice, as the crosses shown
in FIG. 1. The fitting is expected to validate in a RCP
lattice so that the fitted Madelung constants can be employed to present some relevant thermodynamic properties. For convenience, M6 and M12 for SC, BCC, FCC,
and RCP phases are listed in Table I.
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TABLE I Madelung constants M6 and M12 for SC, BCC,
FCC, and RCP phases. For SC, BCC, and FCC phases, the
values are taken from Ref.[56]; and for the RCP phase, the
values are obtained by an exponential fitting in this work.
ρcp σ 3
M6
M12

SC
1.00
8.40
6.20

BCC
√
3 3/4
12.25
9.11

FCC
√
2
14.45
12.13

RCP
1.203
10.78
7.76

FIG. 2 T ∗ -ρ∗ phase diagrams of F-F, F-RCP, and F-FCC
transitions in A4 type of patchy particles at R=9, where Tc∗
and ρ∗c denote the critical temperature and critical density
for the F-F binodal.

FIG. 1 Fitted curves of Madelung constants M6 and M12
for SC, BCC, FCC, and RCP phases, where the crosses correspond to the RCP phase.

convenient to use the reduced temperature defined by
T ∗ =kB T /εLJ and a reduced density defined by ρ∗ =ρσ 3
to present relevant discussions. Moreover, the ratio of association energy to dispersion energy defined
by R=εASS /εLJ is also introduced, and thus different
values of R reflect the change of the association energy. When all these parameters are specified, one can
present the phase diagrams of patchy colloidal particles,
whereby the influences of these factors can be analyzed.

D. Phase equilibria of a patchy colloid

Once the expressions of the free energy per particle
for fluid, RCP, and FCC phases of patchy particles are
known, the chemical potential µ and pressure P can be
obtained by the standard thermodynamic relationships:
( ∂f )
µ = f +ρ
(12)
∂ρ
( ∂f )
P = ρ2
(13)
∂ρ
As a phase α is in equilibrium with a phase γ, the phase
diagram of the patchy colloidal particles can be calculated by solving the following coexistence equations:
µα (ρα , T ) = µγ (ργ , T )
Pα (ρα , T ) = Pγ (ργ , T )

(14)
(15)

where µX (ρX , T ) and PX (ρX , T ) denote the chemical
potential and pressure of particles in the phase X at
density ρX and temperature T , respectively. The quantities µX (ρX , T ) and PX (ρX , T ) also depend implicitly on the number of patches, association energy, and
dispersion energy. Clearly, one can find how the associating interaction regulates the phase structures of
the patchy particles when the phase diagrams are illustrated under various conditions.
Then we are devoted to investigating the effect of
these factors on the F-F, F-FCC, and F-RCP transitions, as well as SGT. For this purpose, it is more
DOI:10.1063/1674-0068/cjcp1810231

III. CRYSTALLIZATION AND GLASS TRANSITION OF
PATCHY PARTICLES

To illustrate phase diagrams of patchy colloidal particles under various conditions, we would firstly focus
on the F-F, F-FCC, and F-RCP transitions. Here F-F
transition is referred to the transition between a gas-like
low density fluid and a liquid-like high density fluid.
Note that the F-FCC and F-RCP transitions are associated with the crystallization (fluid-crystal transition) and vitrification (glass transition), respectively.
An attempt is made to reveal the influence of both the
number of patches and association energy on the phase
structures of patchy particles.
For easy of presentation, we firstly present the T ∗ ∗
ρ phase diagram concerning F-F, F-RCP, and F-FCC
transitions for A4 type of patchy particles at R=9, as
illustrated in FIG. 2. It is shown that both the liquidlike fluid phase and the RCP phase are metastable with
respective to FCC phase, where the critical point of the
F-F binodal is characterized by Tc∗ and ρ∗c . Obviously,
the fluid, RCP and FCC phases display distinct phase
behavior in phase region and binodal. Furthermore,
upon changing the number of patches and parameter
R, some detailed influences of these factors on F-F, FRCP, and F-FCC transitions can be observed. Interestingly, the responses of F-F and F-RCP transitions, and
F-F and F-FCC transitions to the number of patches
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FIG. 3 T ∗ -ρ∗ phase diagrams of F-F and F-FCC transitions in A4 type of patchy particles at different R: (a) R=10,
∗
(b) R=47, (c) R=60, (d) R=70; Ttp(FCC)
denotes the triple point associated with F-F and F-FCC transitions. For clarity,
the phase regions are only labeled in (a).

and parameter R are also different from each other, as
presented below.
A. Phase diagrams for F-F and F-FCC transitions

FIG. 3 presents the T ∗ -ρ∗ phase diagrams including
F-F and F-FCC transitions for A4 type of patchy particles under different association energy indicated by
different R. Clearly, the liquid-like fluid phase at a
relatively low R (R=10) is metastable with respect to
FCC phase. Upon increasing R, the liquid-like fluid
phase undergoes a critical metastable state (R=47),
and eventually becomes stable at a relatively high R
(R=60). This can be found by the appearance of a
∗
triple point defined by the temperature of Ttp(FCC)
,
at which the gas-like and liquid-like fluids, and FCCcrystal can coexist in the system. FIG. 3(b) shows the
critical metastable state (R=47) corresponding to the
∗
case Tc∗ =Ttp(FCC)
. All the results in FIG. 3 indicated
the key role of the association energy playing in the
crystallization of patchy colloidal particles.
As is well known, the associating interaction between
two patchy particles is jointly determined by both the
association energy and the number of patches. In a
previous study, the suppression of the gas-liquid phase
separation upon decreasing the valence was presented
[50]. As such, the influence of the number of patches
on the crystallization of patchy particles is also noteDOI:10.1063/1674-0068/cjcp1810231

∗
worthy. FIG. 3 has shown that both Tc∗ and Ttp(FCC)
are closely related to the association energy, whereby
one can infer an obvious effect of the number of patches
m. To illustrate this, we have investigated the changes
∗
of Tc∗ and Ttp(FCC)
at different m and R, as shown in
FIG. 4.

Clearly, Tc∗ increases monotonically with an increase
in R as m is fixed, and also increases with an increase in
m as R is fixed. Meanwhile, one can find from FIG. 3(b)
that there always exists a special temperature at which
∗
Tc∗ equals to Ttp(FCC)
. Such a special temperature
corresponds to the critical metastable-stable transition,
which means that a well-defined triple point would appear in the system. Therefore it can be called the critical triple point associated with F-F and F-FCC transitions. Above the critical triple point the system allows gas-like and liquid-like fluids to coexist with FCCcrystal, while below which the liquid-like fluid phases
would be metastable with respect to the FCC-crystal.
Furthermore, one can observe that the appearance of
the critical triple point at a larger m always requires a
larger R, as indicated by the short dot line in FIG. 4.
This manifests that the stronger the associating interaction, the higher the critical triple point. On the basis
of FIG. 3 and FIG. 4, one can conclude that the associating interaction between patchy particles is indeed predominant in studying the phase equilibria of the patchy
colloid.
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∗
for F-F and F-FCC transitions at
FIG. 4 Tc∗ and Ttp(FCC)
different m and R, where the short dot line denotes the
critical triple point.

B. Phase diagrams for F-F and F-RCP transitions

F-RCP transition is closely related to the glass transition or vitrification since the glassy state has the same
structures as the RCP phase. In a glass-forming system,
the effect of kinetic factors such as the annealed temperature and cooling rate is very significant. Consequently,
some typical physical quantities such as viscosity and
thermal properties depend strongly on the kinetic process. For patchy colloidal particles, some investigations
have proposed that the formation of colloidal glass is
induced by the broken ergodicity or arrested dynamics
[57–62]. So far such an issue has attracted an increasing
interest from both experimental and theoretical viewpoints.
Now, the F-RCP transition would be studied by the
standard theory of phase transitions, and an attempt
is merely made to explain qualitatively the interplay
among fluid, glass and crystal phases. For this purpose, the density of maximum packing of the glassy
state (ρRCP∗
=1.203) would be used. This means that
cp
as ρ∗ ≥1.203, the RCP phase would be no longer stable
with respect to the fluid phase. It is therefore only in
a phenomenological sense that such a treatment holds
true due to the fact that the glassy state is not a welldefined equilibrium thermodynamic phase.
FIG. 5 shows the T ∗ -ρ∗ phase diagrams for F-F and
F-RCP transitions in A4 type of patchy particles at
different R. Compared with the F-RCP transition, it
has been explicitly illustrated that on increasing R, the
liquid-like fluid phase changes from a metastable one
to a stable one. As shown in FIG. 5(b), there still ex∗
ists a special temperature indicated by Tc∗ =Ttp(RCP)
at
R=9.68, at which the liquid-like fluid phase becomes
critical metastable with respect to the RCP phase. In
analogy to the discussion on the F-F and F-FCC transitions, such a special temperature could be called a pheDOI:10.1063/1674-0068/cjcp1810231
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nomenological critical triple point concerning the gaslike, liquid-like, and RCP phases.
∗
always inIt can be observed that Tc∗ and Ttp(RCP)
crease with R. This suggests that a larger association
energy leads to higher transition temperatures Tc∗ and
∗
∗
Ttp(RCP)
. Moreover, when Tc∗ <Ttp(RCP)
, the liquid-like
fluid phase would be metastable compared with the
∗
RCP phase. On the contrary, when Tc∗ >Ttp(RCP)
, the
gas-like and liquid-like fluid phases as well as the RCP
phase (glassy state) would be stable and could coexist
with each other in the system. Of course, it is inevitable
that, depending on the kinetic and dynamic conditions,
the system would further evolve towards the most stable
crystal phase.
Furthermore, the effect of the number of patches on
∗
is also presented, as shown in FIG. 6.
Tc∗ and Ttp(RCP)
∗
∗
at a fixed m increase
Clearly, both Tc and Ttp(RCP)
monotonically with an increase in R, and at a fixed R
they also increase with increasing m. In this sense, the
effect of the number of patches on F-F and F-RCP transitions is similar to that on the F-F and F-FCC transitions. However, unlike the dependence of the critical
∗
∗
at a larger
on m and R, the critical Ttp(RCP)
Ttp(FCC)
m needs a smaller R. This kind of difference can be observed by comparing the short dot line in FIG. 4 with
the short dot line in FIG. 6. Combining the results in
FIG. 5 and FIG. 6, a significant effect of the associating interaction between patchy particles on the glass
transition can be easily observed.

C. Nucleation and growth in glass transition and
crystallization

The glassy state of matter is always metastable with
respect to the FCC-crystal state. In experiments, depending on thermodynamic conditions and kinematic
factors of the system, the timescale for the glass-crystal
transformation can even change by many orders of magnitude. This made the relationship between vitrification and crystallization be a fascinating issue for a few
decades. It is well known that one-step nucleation is the
most frequently encountered situation in crystallization.
However, as pointed out by some studies [63–67], it is
also possible that a system undergoes a two-step nucleation process. In essence, besides thermodynamic and
dynamic conditions, the one-step or two-step mechanisms of nucleation should be mainly determined by
the interparticle interactions.
It is of particular interest to study whether the
present system of patchy particles can serve as a
model system to illustrate two types of possible mechanisms for nucleation in crystallization. As already presented above, the F-RCP and F-FCC transitions depend strongly on the associating interaction between
patchy particles. Also, it is easy to find that the RCP
phase is indeed metastable compared with the FCC
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FIG. 5 T ∗ -ρ∗ phase diagrams of F-F and F-RCP transitions in A4 type of patchy particles at different R: (a) R=5,
∗
(b) R=9.86, (c) R=12, (d) R=16; Ttp(RCP)
denotes the triple point of fluid and RCP phases. For clarity, the phase regions
are only labeled in panel (a).

∗
for F-F and F-RCP transitions at
FIG. 6 Tc∗ and Ttp(RCP)
different m and R, where the short dot line denotes the
critical triple point.

phase under various conditions. However, the liquidlike fluid phase is not always the case. To discuss the
possible nucleation mechanisms, the phase diagrams including F-F, F-RCP, and F-FCC transitions have been
illustrated in FIG. 7.
FIG. 7(a) shows the phase diagram where the liquidlike fluid phase is metastable with respect to the RCP
phase, but it is no longer metastable in FIG. 7(b). In
DOI:10.1063/1674-0068/cjcp1810231

the figure, TG∗ denotes the critical temperature at which
the RCP phase appears, and above which no F-RCP
transition can be obtained. This means that above TG∗
the crystallization is subjected to the one-step nucleation mechanism. In such a process, the FCC crystal is
in favor of a loosely packed lattice corresponding to an
expanded structure of FCC lattice. When the quench
temperature below Tc∗ , the crystallization would be subjected to a two-step nucleation mechanism. In the twostep nucleation process, the crystallization from the gaslike fluid to the FCC-crystal would undergo a free energy barrier resulting from the liquid-like fluid phase.
Note that both liquid-like fluid associated with F-F
transition and RCP phase are always metastable with
respect to FCC phase in FIG. 7. This implies that when
T ∗ <TG∗ , both the one-step and two-step nucleation processes could undergo the glass transition, thereby leading the crystallization to be a complicated process. In
the case of T ∗ <TG∗ , there exist the high-density fluid
and RCP phases between the low-density fluid and FCC
phases. This indicates that vitrification would serve as
a transition state between the high density fluid and
FCC-crystal, and also provide an extra free energy barrier.
Physically, the diffusion of colloid particles at a high
temperature is so fast that they can adopt the configurations to crystallize by taking a crystal-like cluster as a
nucleation. On the contrary, colloidal particles at a low
c
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FIG. 7 T ∗ -ρ∗ phase diagrams of the A4 type of patchy particles for R=8.0 (a) and R=12.0 (b), where TG∗ is the critical
temperature at which the RCP phase appears.

temperature slow down their diffusion in momentum
space. Meanwhile, the interparticle association also reduces their possible configurations. This greatly limits
the reorganization of particles in phase space, thereby
breaking the ergodicity. When the temperature is so low
that the diffusion of particles is frozen, the system would
be kinematically arrested. In this sense the formation of
the glassy state ascribes to the arrested dynamics. As
a consequence of the phase separation, patchy particles
will firstly form clusters of high densities, and then these
clusters evolve into the disordered RCP phase. The
subsequent development from the RCP phase would be
determined by the dynamic conditions of the system.
Such a process may need a considerable time and display a complicated dynamic behavior, which is beyond
the scope of this article.

have attracted an increasing interest.
Motivated by such a topic, we will focus on the relationship among SGT, F-F, and F-RCP transitions.
To this end, we will firstly give the gelation criteria
(gel point) pc according to the classical gelation theory [68]. The classical gelation theory often adopts two
assumptions. The former is the assumption of equal reactivity of functional groups, and the latter is that no
intramolecular reactions occur in the sol phase. In this
way, the gel point of a large number of polymerization
systems can be obtained in a straightforward manner.
For an Am type of patchy particles under these assumptions, the gel point pc can be expressed as pc =1/(m − 1)
[68]. The combination of pc and the mass action law in
Eq.(8) yields:
ρVb gHS (ρ)[exp(βεASS ) − 1] =

IV. SOL-GEL TRANSITION AND GLASS TRANSITION

The connectivity of patchy colloidal particles can give
rise to the formation of a large number of colloidal clusters with various sizes and configurations. Under appropriate conditions, the weight-average molecular weight
of these clusters could be infinity, which signals the
gelation in the system. This means that the colloidal
gel would appear as long as the associated fraction of
patches p approaches a critical value pc . Such a process
is called the SGT with pc as its percolation threshold.
Unlike a chemical gel with a considerable lifetime,
the present colloidal gel at the beginning of SGT is always composed of transient clusters with a very short
lifetime. This is due to the fact that the patch-patch attraction is usually very weak compared with a covalent
bond, and thus no stable colloidal gel can be generated
as the system is just above the percolation threshold.
In the present system, the formation of a colloidal gel
is often companied with the phase separation process
and even the glass transition. As such, the SGT, F-F,
and F-RCP transitions in the system of patchy particles
DOI:10.1063/1674-0068/cjcp1810231

m−1
2

m(m − 2)

(16)

which enables us to obtain the phase diagram of SGT,
where the T ∗ -ρ∗ plane would be divided into sol and gel
regions separated from each other by the SGT line.
In view of the weakness of the patch-patch association, the present SGT line only indicates the percolation threshold of patchy particles, and is by no means
the gel line. In general, the gel line always means that
an infinite and stable spanning cluster can be found in
the system. Obviously, a stable gel could be formed by
either quenching down a very low temperature or increasing the associated fraction p up to a large value.
By doing so, the former increases the patch-patch association strength due to the low temperature (a nonequilibrium route), whereas the latter leads the gel cluster to a loop-rich network structure (the cooperation of
a large number of loops in a network would enhance the
lifetime of a gel).
FIG. 8 shows the T ∗ -ρ∗ phase diagram of the SGT
together with the F-F transition at a fixed R=15 and
different m. It can be found that there was always intersection of F-F binodal and SGT line characterized
∗
∗
by TSG
and ρ∗SG . This indicates that when T ∗ <TSG
,
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the SGT would be covered by the spinodal decomposition and further nucleation resulting from the phase
separation. In this way, the gelation becomes rather
complicated because the gel state would be unstable
until it approaches the boundary of F-F transition. It
is therefore possible that the physical gelation is identified as the first order thermodynamic phase transition.
∗
Conversely, in the case of T ∗ >TSG
, sol and gel phases
would not be relevant to F-F transition. Accordingly,
the gel is composed of many transient large-sized clusters, which is entirely different from those clusters in
the sol phase.
Interestingly, an obvious shrinking of the coexistence
region of low- and high-density fluid phases can be observed upon decreasing the number of patches. This
agrees with the findings of Bianchi and coworkers [50],
and also manifests that F-F transition can be effectively
regulated by the number of patches. In addition, in
∗
and Tc∗ , ρ∗SG and ρ∗c also show their depenFIG. 8, TSG
dence on the valence and association energy (m and R).
To illustrate this situation more specifically, the plots
of these quantities against m at different R have been
presented, as shown in FIG. 9.
∗
Clearly, TSG
and Tc∗ increase with both f and R, but
the variations of ρ∗SG and ρ∗c are more or less complicated: (i) ρ∗c increases monotonically with m, but its
change against R is related to m. Below a certain value
of m (say, m=7), the more the R, the lower the ρ∗c
is. While above this value, the dependence of ρ∗c on R
becomes not obvious. (ii) ρ∗SG always decreases monotonically with increasing R, but its dependence on m is
not the case. Upon increasing m, ρ∗SG firstly decreases,
and then increases gradually. (iii) The situation of ρ∗c
less than ρ∗SG is possible only when the associating interaction is weak, i.e., a low valence m and small R.
These results indicate that the associating interaction
between patchy particles indeed plays an important role
in the SGT.
It is well known that a gel phase is usually composed
of some disordered clusters, which can be fractal or network structures. Meanwhile, the glassy state is also
disordered and can be formed when a high density fluid
undergoes a quench process. One can infer that the
disordered gel phase may be related to the glassy state,
and thus questions arise naturally: under what conditions could a gel phase be thought of as a glassy state?
can we get some possible clues through the phase diagram including SGT, F-F, and F-RCP transitions?
FIG. 10 illustrates the corresponding diagrams at a
fixed m for different R. It can be observed that at
a low R, the SGT line would be inside the coexisting
region of the liquid-like fluid and the RCP phases. Upon
increasing R, the SGT line is gradually far from the
coexisting region. Clearly, the proximity of the SGT
line to the F-RCP coexist region depends obviously on
the parameter R, and hence the patch-patch association
energy. More specifically, the smaller the parameter R,
the larger the proximity is. This means again that the
DOI:10.1063/1674-0068/cjcp1810231
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FIG. 8 T ∗ -ρ∗ phase diagrams of the SGT and F-F transition in Am type of patchy system at R=15.0 for m=3, 4, 6,
and 8, where the solid lines above the binodal curves are the
corresponding SGT lines. The insert denotes the local diagram at m=8 and R=15.0, which is to interpret the critical
∗
).
point (ρ∗c , Tc∗ ) and the intersection (ρ∗SG , TSG

association energy plays a key role in determining if a
gel phase can be considered to be a glassy state.
At a low association energy, the lifetime of colloidal
clusters just above pc is still limited so that the gel density may meet the conditions of the glassy state. For
patchy particles under this condition, its gel phase can
not discriminate itself from its glassy state, thereby becoming equivalent to a glassy state. However, at a high
association energy, it is possible that there is a large
density difference between the gel phase and the glassy
state. In this situation, the development of the system
from a gel phase to a glassy state needs some extra
effort such as quenching, changing the solvent quality,
increasing the associated fraction p, and so forth. As a
result, the interplay between the gel phase and glassy
state is very subtle, so do the SGT, F-F, and the F-RCP
transitions.

V. CONCLUSION

To summarize, the phase diagrams of Am type of
patchy colloidal particles have been presented, in which
F-F, F-RCP, and F-FCC transitions together with SGT
are illustrated. An attempt is made to elucidate the effect of the interparticle associating interaction on the
phase equilibria of patchy particles. In our treatment,
the RCP phase with the density of maximum packing
(ρRCP∗
=1.203) has been used as the critical glassy state.
cp
This is due to the fact that the glassy state is stable with
respect to a fluid only when 0.943<ρ∗ <1.203. On the
basis of this point, the F-RCP transition is studied by
the standard theory for thermodynamic phase transitions. Namely, we are considering the RCP phase as
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∗
FIG. 9 Plots of TSG
and Tc∗ (a), and ρ∗SG and ρ∗c (b) against m for Am type of patchy system.

FIG. 10 T ∗ -ρ∗ phase diagrams of the SGT (short dot line), F-F (dash line), and F-RCP (solid line) transitions in A6 type
of patchy system at different R: (a) R=6.0, (b) R=6.6, (c) R=8.0, (d) R=10.0.

a pseudo-thermodynamic phase. Such a treatment is
merely to capture qualitatively some common features
on the glass transition of patchy particles.
As a matter of fact, the associating interaction between two patchy particles is jointly determined by the
association energy and valence (the number of patches).
As expected, the phase behavior of the system shows
a significant dependence on these factors. Several
main findings are as follows: (i) the critical tempera∗
ture Tc∗ , and triple points temperature (Ttp(FCC)
and
∗
Ttp(RCP) ) increase with the association energy and valence; (ii) whether the liquid-like fluid is metastable or
stable with respect to RCP or FCC phases depends
strongly on the associating interaction between patchy
DOI:10.1063/1674-0068/cjcp1810231

particles; (iii) a smaller valence allows larger temperature and density ranges to form an equilibrium gel of
patchy particles. More importantly, under what conditions and to what extent the gel phase can be identified
as a glassy state are also closely related to the association energy and valence; (iv) in view of the changeable
valence and association energy of patchy particles, the
present patchy system can, in principle, serve as a model
system to illustrate two types of possible mechanisms
for nucleation in crystallization.
From these results, one can conclude that the control of the associating interaction between two patchy
particles provides an effective way of regulating aggregated state and phase structures of patchy particles.
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Note that several approximations have been made in the
present study because some practical systems of patchy
colloidal particles are indeed very complicated. First,
the model of spherical colloidal particles is used, which
ignores the anisotropy due to non-spherical structure
of some patchy particles. Second, the anisotropy due
to the different valences of patchy particles is replaced
by an averaged associating potential. It is evident that
the anisotropy will affect the self-assembly of patchy
particles, which is different from the present treatment
based on the mean-field model. Third, the influence of
the loop structures in colloidal clusters is also ignored.
The loop structures not only contribute to the association free energy, but also give rise to a delay of the gel
point. Thus, some further investigations by relaxing
these approximations are noteworthy, and the relevant
efforts are underway.
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