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The hierarchical stochastic Schrödinger equations (HSSE) are a kind of numerically exact
wavefunction-based approaches suitable for the quantum dynamics simulations in a relatively
large system coupled to a bosonic bath. Starting from the inﬂuence-functional description of
open quantum systems, this review outlines the general theoretical framework of HSSEs and
their concrete forms in diﬀerent situations. The applicability and eﬃciency of HSSEs are
exempliﬁed by the simulations of ultrafast excitation energy transfer processes in large-scale
systems.
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I. INTRODUCTION

Over the years, exciting phenomena observed in
femosecond spectroscopic experiments have been stimulating growing research interests in the quantum effects emerging in a variety of ultrafast photochemical
and photophysical processes. These eﬀects include but
not limited to non-Markovianity, entanglement, quantum ﬂuctuation and dissipation, environment-assisted
quantum transport, nuclear tunneling, etc. The requirement of accurate theoretical descriptions for deeply understanding them has signiﬁcantly boosted the development of various numerically exact quantum dynamics
methods.
The path integral is an invaluable tool for theoretical
researches in the ﬁeld of open quantum systems, since
within this formalism it is straightforward to take partial trace over the environmental (the so-called bath)
degrees of freedom and absorb all of the bath inﬂuence
into the well-known Feynman-Vernon inﬂuence functional [1]. One powerful approach that was originally established within the path-integral formalism is the nonperturbative and non-Markovian hierarchical equations
of motion (HEOM) [2]. In this approach, the hierarchical expansion technique is applied to the inﬂuence functional and leads to a closed set of diﬀerential equations
of density matrix with a hierarchical structure. These
equations are simultaneously solved, and the zerothorder equation gives the exact reduced density matrix of
the system. Pioneered by Tanimura and Kubo in their
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seminal work [3], where the high-temperature approximation was adopted, great eﬀorts from diﬀerent contributors have been devoted to deriving a numerically exact
veresion of HEOM [4–6]. Various powerful techniques
have also been proposed to optimize its numerical performance, for instance, new decomposition schemes for
spectral densities [7, 8] and bath correlation function
[9, 10], better truncation schemes [6, 11, 12], highly eﬃcient ﬁltering algorithm [13, 14], high-performance computational platform and eﬃcient parallel algorithm [15–
18], etc. For a comprehensive introduction of HEOM,
the readers can refer to Ref.[2]. With all of these techniques, HEOM has become a standard approach in the
ﬁeld of open quantum systems nowadays. Nevertheless,
despite the great achievement, HEOM is still partially
limited by the form of the spectral density function,
and the computational eﬀorts grow factorially in terms
of the system size.
Another disparate strategy is to perform complete
stochastic unraveling to the inﬂuence functional by
the introduction of complex Gaussian stochastic ﬁelds,
which results in the stochastic Liouville-von Neumann
equation [19–25]. This approach is not limited to
the form of the spectral density function, and can
be directly decomposed into a forward and a backward stochastic Schrödinger equations in the case of
a pure initial system state. However, it may suﬀer
from severe stochastic convergence problem in longtime simulations or when the system-bath interaction is
not weak. Recently, several density-matrix approaches
[11, 26–29] that combine the hierarchical expansion and
stochastic unraveling techniques have also been proposed, which inherit both merits of HEOM and the
stochastic Liouville-von Neumann equation, in the sense
that the resulting hierarchical structure is simpler and
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the stochastic convergence property is better.
One less satisfactory feature of density-matrix approaches is that the number of elements that needs
to be calculated scales quadratically with the system
size. As a counterpart of density-matrix approaches,
wavefunction-based methods have also been playing a
prominent role in the dynamics of open quantum systems due to the beneﬁcial linear scaling of Hilbert space
with respect to the system size. Inspired by the spirits
of mixed deterministic-stochastic scheme, Suess et al.
[30] applied the hierarchical expansion technique to the
functional derivative term of non-Markovian quantum
state diﬀusion and proposed a numerically exact approach named hierarchy of pure states (HOPS), which
is a closed set of stochastic Schrödinger equations with
hierarchical structure. Whereafter, at about the same
time, Song et al. [31] and Ke et al. [32] independently
derived two similar approaches. In the new approaches,
temperature eﬀects are mostly or entirely accounted for
by the stochastic ﬁelds such that the resulting equations of motion are more stable at ﬁnite temperatures
as compared with HOPS. Soon afterwards, with a similar spirit, Hartmann, Strunz and coworkers [33, 34] improved the original HOPS by including temperature effects via a stochastic contribution to the system Hamiltonian. In this review, all of the above approaches refer to the hierarchical stochastic Schrödinger equations
(HSSE), since they share very similar equations of motion.
This review aims at giving a comprehensive overview
of HSSEs. A general theoretical framework of HSSEs
is given and their concrete forms in diﬀerent situations
are discussed. Some recent applications of HSSEs, including the excitation energy transfer (EET) in the
Fenna-Matthews-Olson (FMO) complex and the resonant vibration-assisted EET mechanism, are also introduced.

A. Background

We consider the following Hamiltonian that describes
an open quantum system interacting with a bosonic
bath,
(1)

Here, ĤS , ĤB , and ĤI are the system Hamiltonian, the
bath Hamiltonian, and the interaction between them.
Typically, the system refers to a few degrees of freedom
that are primarily interested, for instance, free carriers
in the charge transport process in photovoltaic devices
and excitons in EET process in photosynthetic systems.
The bath Hamiltonian is described by a set of independent vibrational modes, the total number of which can
be either ﬁnite or inﬁnite (hereafter, we set ~=kB =1 for
DOI:10.1063/1674-0068/cjcp2009165

ĤB =

∑
µ

)
(
1
†
ωµ b̂µ b̂µ +
2

(2)

where b̂†µ and b̂µ are the creation and annihilation operators for the µ-th mode with frequency ωµ . These
normal modes can represent local intramolecular vibrations, nonlocal collective nuclear motions in solids, slow
solvent motions, etc., depending on the situation being
considered. The linear system-bath interaction is given
by
)
∑(
(3)
ĤI =
fˆµ b̂†µ + fˆµ† b̂µ
µ

where fˆµ is a system operator that characterizes the
form and strength of the interaction between the system
and the µ-th mode.
For many important issues in the ﬁeld of open quantum systems, it often happens that what is under
primary consideration is the information of the system dynamics but not the motion of the bath degrees of freedom. Hence, it is suﬃcient to focus
on the reduced density matrix of the system deﬁned
as ρ̂S (t)=TrB {e−iĤt ρ̂(0)eiĤt }, where TrB {·} represents
to take partial trace over the bath degrees of freedom. Assuming that the initial total density matrix has a factorized form, ρ̂(0)=ρ̂S (0)⊗ρ̂B (0), where
ρ̂B (0)=e−β ĤB /Tr{e−β ĤB } and β is the inverse temperature, one valuable advantage of the Hamiltonian Eq.(1)
is that the formal expression of ρ̂S (t) can be elegantly
expressed via the well-known Feynman-Vernon inﬂuence functional [1],
ρ̂S (t) = Û0 (t)T+ [F(t)ρ̂S (0)] Û0† (t)

(4)

where Û0 (t)≡e−iĤS t is the bare system propagator, T+
denotes the chronological time-ordering operation, and
F(t) is the inﬂuence functional in the interaction picture, the expression of which is given by

II. METHODOLOGY

Ĥ = ĤS + ĤB + ĤI

the sake of simplicity),

F(t) = e−

∫t
0

dτ

∫τ
0

dτ ′

∑
µ

Φµ (τ,τ ′ )

(5)

with [35]
[
]
′
Φµ (τ, τ ′ ) = eiωµ (τ −τ ) fˆµ(+) (τ ) − fˆµ(−) (τ )
[
]
× nµ fˆµ†(+) (τ ′ ) − (nµ + 1)fˆµ†(−) (τ ′ )
[
] (6)
′
+ e−iωµ (τ −τ ) fˆµ†(+) (τ ) − fˆµ†(−) (τ )
[
]
× (nµ + 1)fˆµ(+) (τ ′ ) − nµ fˆµ(−) (τ ′ )
Here, nµ =1/(eβωµ − 1) is the thermal average occupation number of the µ-th phonon. Â(τ )=Û0 (τ )ÂÛ0† (τ )
represents the operator Â at time τ in the interaction
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picture. Â(+) and Â(−) are superoperators of Â that
obey the rules Â(+) Ô≡ÂÔ and Â(−) Ô≡ÔÂ, where Ô
is an arbitrary operator. + and − in the superoperators correspond to forward and backward paths, respectively. Note that the multiplication order of the
operators in Eq.(6) and in the following derivations
does not matter since we have utilized the beneﬁt from
the chronological time-ordering operation introduced in
Eq.(4).
It is easy to see that fˆµ and fˆµ† are not symmetric
in Φµ (τ, τ ′ ). This is because they play diﬀerent roles
in the system-bath interaction. fˆµ corresponds to the
process that one phonon with index µ is created as the
system-bath scattering occurs, whereas fˆµ† corresponds
to the inverse process. As such, the former process
dominates at low temperatures, and the latter one
gradually takes eﬀects as the temperature increases.
For the further derivation, it is helpful to divide
Φµ (τ, τ ′ ) into symmetric and antisymmetric parts in
terms of fˆµ and fˆµ† . Note that Φµ (fˆµ , fˆµ† )≡Φµ (τ, τ ′ ),
the symmetric and antisymmetric parts are given
′
ˆ ˆ†
ˆ† ˆ
by
Φsym
and
µ (τ, τ )=[Φµ (fµ , fµ )+Φµ (fµ , fµ )]/2
asym
′
†
† ˆ
ˆ
ˆ
ˆ
Φµ (τ, τ )=[Φµ (fµ , fµ )−Φµ (fµ , fµ )]/2, respectively.
Therefore, we have
′
Φsym
µ (τ, τ ) =
[
]
1 ˆ(+)
fµ (τ ) − fˆµ(−) (τ )
2[
]
× αµ (τ − τ ′ )fˆµ†(+) (τ ′ ) − αµ∗ (τ − τ ′ )fˆµ†(−) (τ ′ ) (7)
]
1 [ ˆ†(+)
+
fµ (τ ) − fˆµ†(−) (τ )
]
[2
× αµ (τ − τ ′ )fˆµ(+) (τ ′ ) − αµ∗ (τ − τ ′ )fˆµ(−) (τ ′ )

and
Φasym
(τ, τ ′ ) =
µ
]
1 [ ˆ(+)
fµ (τ ) − fˆµ(−) (τ )
2[
]
× α
eµ (τ − τ ′ )fˆµ†(+) (τ ′ ) + α
eµ∗ (τ − τ ′ )fˆµ†(−) (τ ′ ) (8)
]
1 [ ˆ†(+)
−
fµ (τ ) − fˆµ†(−) (τ )
]
[2
eµ∗ (τ − τ ′ )fˆµ(−) (τ ′ )
× α
eµ (τ − τ ′ )fˆµ(+) (τ ′ ) + α
where

{

αµ (t) = nµ eiωµ t + (nµ + 1)e−iωµ t
α
eµ (t) = nµ eiωµ t − (nµ + 1)e−iωµ t

(9)

which are the correlation functions. One reason for
adopting this division scheme is that in many situations the asymmetric part is equal to zero and does not
play a role in the dynamics. For instance, this occurs
when fˆµ are Hermitian operators or when Eq.(1) possesses translational symmetry. As such, one can just
DOI:10.1063/1674-0068/cjcp2009165

omit the antisymmetric part and simplify the problem
to a large extent. In what follows, we will retain the
antisymmetric part to make sure that the theory being
derived is as general as possible.
Although Eq.(4) oﬀers a formally exact expression for
ρ̂S (t), it cannot directly be used in calculations. Owing
to the system-bath interaction, the operators of the system at diﬀerent times are highly correlated with each
other through the correlation functions Eq.(9). This
leads to the time-nonlocality of the inﬂuence functional
and the entanglement between forward and backward
paths, which impedes a simple numerical solution to
the dynamics. In the standard derivation of HSSEs,
two powerful techniques, namely the stochastic unraveling [20–23], and the hierarchical expansion [3–6], are
cleverly combined to deal with this issue.
B. HSSE in a general form
1. Partial stochastic unraveling

The main idea of stochastic unraveling is to make use
of the fact that the correlation between system operators at diﬀerent times is of Gaussian type (i.e. only the
second-order cummulant is nonzero) so that one can
introduce correlated Gaussian stochastic ﬁelds via the
Hubbard-Stratonovich transformation [36, 37] to decouple this correlation. It is known that a stochastic unraveling on the entire inﬂuence functional will completely
remove this correlation and result in a simple equation
of motion called the stochastic Liouville-von Neumann
equation [19–25]. However, this equation may suﬀer severe stochastic convergence problems at long times or
when the system-bath interaction is not weak. Instead
of full stochastic unraveling, one often applies partial
stochastic unraveling on the primary part of the inﬂuence functional and manages the residual part by other
methods. The partition scheme plays a decisive role
in the stochastic convergence properties of the resulting HSSE. Since the inﬂuence functional is completely
characterized by the correlation functions Eq.(9), it is
convenient to propose the partition scheme by dividing
the correlation functions into a primary and a residue
part, αµ (t)=αµpri (t)+αµres (t) and α
eµ (t)=e
αµpri (t)+e
αµres (t),
where
 pri
iωµ t
+ e−iωµ t )

 αµ (t) = γµ (e


 αres (t) = 2n̄µ,1 eiωµ t + 2n̄µ,2 e−iωµ t
µ
(10)

α
eµpri (t) = γ
eµ (eiωµ t − e−iωµ t )



 res
α
eµ (t) = 2n̄µ,3 eiωµ t − 2n̄µ,4 e−iωµ t
Here, we have introduced two parameters, γµ and
γ
eµ , to determine the partition scheme, and we
requires that 0≤γµ , γ
eµ ≤nµ +1/2.
The other four
parameters are n̄µ,1 =(nµ −γµ )/2, n̄µ,2 =(nµ +1−γµ )/2,
n̄µ,3 =(nµ −e
γµ )/2, and n̄µ,4 =(nµ +1−e
γµ )/2.
It is
obvious that the sum of primary and residue parts
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indeed recovers the original correlation functions.
Then, based on Eq.(10), we separate Φµ (τ, τ ′ ) as

Φµ,pri (τ, τ ′ ) =
+
−
−
−
+

Φµ (τ, τ ′ )=Φµ,pri (τ, τ ′ )+Φµ,res,+ (τ, τ ′ )+Φ†µ,res,− (τ, τ ′ ),
where

[
]
1 pri
αµ (τ − τ ′ ) fˆµ(+) (τ )fˆµ†(+) (τ ′ ) + fˆµ†(+) (τ )fˆµ(+) (τ ′ ) + fˆµ(−) (τ )fˆµ†(−) (τ ′ ) + fˆµ†(−) (τ )fˆµ(−) (τ ′ )
2
[
]
1 pri
α
eµ (τ − τ ′ ) fˆµ(+) (τ )fˆµ†(+) (τ ′ ) − fˆµ†(+) (τ )fˆµ(+) (τ ′ ) + fˆµ(−) (τ )fˆµ†(−) (τ ′ ) − fˆµ†(−) (τ )fˆµ(−) (τ ′ )
2
[
]
1
αµ (τ − τ ′ ) fˆµ(−) (τ )fˆµ†(+) (τ ′ ) + fˆµ†(−) (τ )fˆµ(+) (τ ′ )
2
(11)
[
]
1 ∗
αµ (τ − τ ′ ) fˆµ(+) (τ )fˆµ†(−) (τ ′ ) + fˆµ†(+) (τ )fˆµ(−) (τ ′ )
2
[
]
1
α
eµ (τ − τ ′ ) fˆµ(−) (τ )fˆµ†(+) (τ ′ ) − fˆµ†(−) (τ )fˆµ(+) (τ ′ )
2
[
]
1 ∗
α
eµ (τ − τ ′ ) fˆµ(+) (τ )fˆµ†(−) (τ ′ ) − fˆµ†(+) (τ )fˆµ(−) (τ ′ )
2

and
[
]
1 res
αµ (τ − τ ′ ) fˆµ(±) (τ )fˆµ†(±) (τ ′ ) + fˆµ†(±) (τ )fˆµ(±) (τ ′ )
2
[
]
1 res
+ α
eµ (τ − τ ′ ) fˆµ(±) (τ )fˆµ†(±) (τ ′ ) − fˆµ†(±) (τ )fˆµ(±) (τ ′ )
2

Φµ,res,± (τ, τ ′ ) =

(12)

It is worth noting that all of the cross terms between forward (+) and backward (−) paths are incorporated into
′
Φpri
µ (τ, τ ). Therefore, the entanglement between the two paths can be removed if we apply the partial stochastic
unraveling to the corresponding part of the inﬂuence functional. To this end, we introduce two sets of Gaussian
±
±
stochastic ﬁelds, {ξµ± (t)} and {χ±
µ (t)}, which satisfy ⟨ξµ (t)⟩=⟨χµ (t)⟩=0 and

+ ′
′
pri
′
′
+
−,∗

(t)χ−,∗
⟨ξµ+ (t)ξµ+′ (t′ )⟩ = ⟨ξµ−,∗ (t)ξµ−,∗
′ (t )⟩ = ⟨χµ (t)χµ′ (t )⟩ = ⟨χµ

µ′ (t )⟩ = δµµ′ αµ (t − t )



−,∗ ′
∗
′
′
+
 ⟨ξ + (t)ξ −,∗
µ
µ′ (t )⟩ = ⟨χµ (t)χµ′ (t )⟩ = δµµ′ αµ (t − t )
(13)
− ′
′
−

⟨ξµ+ (t)χ+
eµpri (t − t′ )

µ′ (t )⟩ = ⟨ξµ (t)χµ′ (t )⟩ = −iδµµ′ α



 ⟨ξ + (t)χ−,∗ (t′ )⟩ = −⟨χ+ (t)ξ −,∗ (t′ )⟩ = iδ ′ α
′
∗
µµ eµ (t − t )
µ
µ
µ′
µ′
asym
It is easy to see that {ξµ± (t)} and {χ±
(τ, τ ′ ) is zero. With the aid of
µ (t)} will be independent of each other if Φµ
the stochastic ﬁelds, the inﬂuence functional can now be reformulated as

F(t) = M {Fξ,χ (t)}

(14)

where M{·} denotes to take the average over the stochastic ﬁelds, and
Fξ,χ (t) =
{ ∫
] ∫ t ∫ τ
t
∑
∑ [ ξµ+ (τ ) − iχ+
ξµ+ (τ ) + iχ+
µ (τ ) ˆ†(+)
µ (τ ) ˆ(+)
Φµ,res,+ (τ, τ ′ )
dτ ′
dτ
dτ
fµ (τ ) +
fµ (τ ) −
exp −i
2
2
0
0
0
(15)
µ
µ
}
] ∫ t ∫ τ
∫ t ∑ [ −,∗
−,∗
−,∗
−,∗
∑ †
ξµ (τ ) − iχµ (τ ) (−)
ξµ (τ ) + iχµ (τ ) †(−)
+i
dτ
Φµ,res,− (τ, τ ′ )
fˆµ (τ ) +
fˆµ (τ ) −
dτ
dτ ′
2
2
0
0
0
µ
µ

One can ﬁnd that the time-nonlocality of the inﬂuence
functional is partially removed. To go further, assuming that the system is in a pure state at the beginning, ρ̂S (0)=|ψ0 ⟩⟨ψ0 |, and substituting Eqs. (14)−(15)
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into Eq.(4), one arrives at
ρ̂S (t) = M {|ψ+ (t)⟩⟨ψ− (t)|}

(16)

|ψ± (t)⟩ = Û0 (t)T+ [U± (t)] |ψ0 ⟩

(17)

c
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and the stochastic propagator is given by

{

∫

∑ [ ξµ± (τ ) − iχ±
µ (τ )

t

U± (t) = exp −i

dτ
0

∫

t

−

dτ

∑

0

∫

dτ

∑

0

where

we have explicitly
∫ t
B̂µ (t)=
dτ e−iωµ (t−τ ) fˆµ (τ ).

]
ξµ± (τ ) + iχ±
µ (τ ) ˆ†
fµ (τ )
2

[
]
fˆµ† (τ ) (n̄µ,1 − n̄µ,3 )Âµ (τ ) + (n̄µ,2 + n̄µ,4 )B̂µ (τ )

µ
t

−

2

µ

fˆµ (τ ) +

[

fˆµ (τ ) (n̄µ,2 −

n̄µ,4 )Â†µ (τ )

]

+ (n̄µ,1 +

(18)
}

n̄µ,3 )B̂µ† (τ )

µ

written

out

the

residual

term

with

∫ t
Âµ (t)=
dτ eiωµ (t−τ ) fˆµ (τ )

and

0

0

So far, via the introduction of stochastic ﬁelds, we have decomposed the reduced density matrix into the product
of forward and backward wavefunctions. Nevertheless, the propagator of the wavefunctions is still not manageable
due to the existence of the residual inﬂuence functional. This diﬃculty can be overcome by the hierarchical
expansion technique [3–6].
2. Hierarchical expansion

Because of the double integral in the stochastic propagator, it is impossible to derive a self-consistent equation
of motion of |ψ± (t)⟩ itself without any approximation. Therefore, we must expand the forward and backward
wavefunctions to a complete set which consists of inﬁnite number of auxiliary wavefunctions so that the joint
equation of motion of all the wavefunctions is closed. Concretely speaking, we deﬁne
[
]
)k µ (
)l µ (
)m µ (
)nµ
∏(
[k,l;m,n]
†
†
|Ψ±
(t)⟩ ≡ Û0 (t)T+
Âµ (t)
Âµ (t)
B̂µ (t)
B̂µ (t)
U± (t) |ψ0 ⟩
(19)
µ

where kµ , lµ , mµ and nµ are non-negative integer indexes that characterize the auxiliary wavefunction,
k=(· · · , kµ , · · · ) is a short-hand vector notation of {kµ }, and so do the other three vectors. Note that the original
[0,0;0,0]
(t)⟩.
forward and backward wavefunctions correspond to the one with all the indexes being zero, |ψ± (t)⟩=|Ψ±
Taking the time derivative of Eq.(19), one readily arrives at the ﬁnal result, which is a closed set of equations of
motion with a hierarchical structure,
∂ [k,l;m,n]
|Ψ±
(t)⟩ =
∂t {
]}
∑ [ ξµ± (t) − iχ±
ξµ± (t) + iχ±
µ (t) ˆ†
µ (t) ˆ
[k,l;m,n]
fµ +
fµ − ωµ (kµ − lµ − mµ + nµ )
|Ψ±
(t)⟩
− i ĤS +
2
2
µ
] (20)
∑ [
[k+
[k,l;m+
[k,l−
[k,l;m,n−
µ ,l;m,n]
µ ,n]
µ ;m,n]
µ]
†
ˆ
−
fµ (n̄µ,1 − n̄µ,3 )|Ψ±
(t)⟩ + (n̄µ,2 + n̄µ,4 )|Ψ±
(t)⟩ − lµ |Ψ±
(t)⟩ − nµ |Ψ±
(t)⟩
µ

−

∑

[
]
[k,l+
[k,l;m,n+
[k−
[k,l;m−
µ ;m,n]
µ]
µ ,l;m,n]
µ ,n]
ˆ
fµ (n̄µ,2 − n̄µ,4 )|Ψ±
(t)⟩ + (n̄µ,1 + n̄µ,3 )|Ψ±
(t)⟩ − kµ |Ψ±
(t)⟩ − mµ |Ψ±
(t)⟩

µ

where k±
µ = (· · · , kµ ± 1, · · · ), and so do the other three
vectors. Eq.(20) is the HSSE in a general form. Setting
t=0 in Eq.(19), one readily obtains the initial conditions

for Eq.(20),
{ [k,l;m,n]
|Ψ±
(0)⟩ = |ψ0 ⟩,
[k,l;m,n]
|Ψ±
(0)⟩

DOI:10.1063/1674-0068/cjcp2009165

= 0,

k = l = m = n = 0;

(21)

else.
c
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Theoretically speaking, an inﬁnite number of auxiliary wavefunctions are coupled with each other through
Eq.(20), and one has to solve all of them simultaneously, which is obviously an impossible task. In practical implementation, Eq.(20) is truncated to a certain
hierarchical level Lmax , which is a non-negative integer.
The simplest way of∑
truncation is to maintain auxiliary
wavefunctions with
(kµ + lµ + mµ + nµ )≤Lmax , and
µ

omit all of the rest ones in higher levels. Lmax is required to be large enough to obtain a convergent result.
One can also use a more ﬂexible and eﬃcient truncation
scheme like the n-particle or n-mode schemes [38].
The numerical performance of HSSEs is reﬂected in
two aspects. One is the stochastic convergence property
of the stochastic ﬁelds, the other is the minimal hierarchical level that is required to obtain an accurate result.
It should be noted that Eq.(20) has yet to be completely
speciﬁed because all of the parameters {γµ , γ
eµ } introduced in Eq.(10) have not been assigned so far. As a
result, Eq.(20) actually represents an inﬁnite number of
HSSEs, and only a small part of them bear satisfactory
numerical performance. Furthermore, in many situations, it is possible that the stochastic ﬁelds obeying
Eq.(13) can be generated under the assumptions that
−
ξµ+ (t)=ξµ− (t) and χ+
µ (t)=χµ (t). As such, the forward
and backward paths exactly coincide with each other,
and we only need to propagate one of them in calculations. We point out that the HSSEs suggested in the
literatures usually consider the situation where the antisymmetric part of the inﬂuence functional do not take
part in the dynamics, and so√do the parameters {e
γµ }.
More speciﬁcally, γµ =0, γ= n̄µ (n̄µ + 1), γ=n̄µ +1/2,
and γ=n̄µ have been suggested in Refs.[30–33], respectively. In addition, the HSSE proposed in Ref.[32] propagates both forward and backward paths, as opposed to
other ones which only propagate a single path.
Stochastic ﬁelds that obey Eq.(13) can be generated
by various generation schemes that have been suggested
ever. The most universal one is the discrete Fourier
transformation scheme [27, 28, 39, 40], where white
noises are translated into colored ones by a ﬁltering
kernel originating from the Cholesky decomposition on
the discrete correlation function. This scheme is generally applicable for Gaussian stochastic ﬁelds regardless
of their concrete correlation properties. Another popular scheme [28, 32, 41, 42] is to make a clever ansatz
for the stochastic ﬁelds so that they can be expressed
by simple analytical formulas in terms of trivial Gaussian noises. Past experience shows that ansatz methods usually provide stochastic ﬁelds with better convergence properties, but they are only suitable for speciﬁc
forms of correlation properties. One can also ﬂexibly
separate the stochastic ﬁelds into diﬀerent uncorrelated
parts and generate each part via diﬀerent schemes. It
would be preferable that the primary and residual parts
are generated by the ansatz and the discrete Fourier
transformation schemes, respectively, so as to produce
DOI:10.1063/1674-0068/cjcp2009165

well-behaved stochastic ﬁelds for arbitrary correlation
properties.
Another factor of practical aspect is that Eq.(20) is a
linear stochastic diﬀerential equation that usually does
not conserve the norm of the wavefunction in each random trajectory, which is unfavorable for a good stochastic convergence property. One way to circumvent this
problem is to resort to a good generation scheme for the
stochastic ﬁelds, and the other way is to adopt a nonlinear counterpart of Eq.(20). Various numerical calculations [30, 33, 34] have proven that a non-linear version
of HOPS can eﬀectively preserve the norm and significantly improve the stochastic convergence. The eﬀectiveness of nonlinearization for other HSSEs remains
further demonstrations.
In deriving Eq.(20), we do not make any approximations, neither do we assume a special property for fˆµ or
for the total Hamiltonian Eq.(1). Therefore, Eq.(20) is
suitable for the investigation of a large variety of issues
in the ﬁeld of open quantum systems, and its form can
often be further simpliﬁed to some extent, depending on
the speciﬁc situation being considered. In Section II.C,
we will discuss the concrete form of Eq.(20) in diﬀerent
situations.
It is worth mentioning that another strategy to deal
with the residual inﬂuence functional is to perform
perturbation expansion in the system-bath interaction
strength and truncate at the second order, which leads
to several approximate but highly eﬃcient perturbative
stochastic Schrödinger equations (PSSE) [41–43]. Due
to the relatively cheap numerical costs, PSSEs have
been widely used in the studies of singlet ﬁssion, exciton relaxation and dissociation, carrier transport, absorption spectra of organic aggregates, etc. For details,
the readers can refer to Ref.[43].
Finally, we point out that Eq.(20) is derived on the
basis of a bosonic environment. Nevertheless, the key
idea may also apply to an open quantum system coupled with a fermionic environment, for instance, the
quantum impurity system. In doing so, the most difﬁcult part is the numerical realization of the fermionic
bath-induced stochastic ﬁelds, which are no longer cnumber noises but Grassmann ﬁelds. Only very recently, the ﬁrst numerically feasible scheme has been
proposed for the realization of stochastic Grassmann
ﬁelds in an approximate manner [44–46]. Extending
the HSSE methodology to the fermionic case may be a
promising way to arrive at an exact stochastic description of fermionic open systems.

C. HSSE in different Situations
1. Hermitian interaction operator

When the interaction operators are Hermitian,
fˆµ =fˆµ† , we have Âµ (t)=B̂µ† (t). In this case, half of the
indexes in Eq.(19) are redundant, and we can recast the
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that

expression of the auxiliary wavefunctions into
[
)kµ +nµ
∏(
[k,l;m,n]
|Ψ±
(t)⟩ = Û0 (t)T+
Âµ (t)

[k+ ,l;m,n]

(t)⟩ = |Ψ±

[k,l;m+
µ ,n]

(t)⟩ = |Ψ±

|Ψ± µ

[k,l;m,n+
µ]

(t)⟩ = |Ψ±µ

[r+ ;s]

[k,l+
µ ;m,n]

(t)⟩ = |Ψ±

(t)⟩ (23)

µ

]
)mµ +lµ
× B̂µ (t)
U± (t) |ψ0 ⟩
(

(22)

and
|Ψ±

[r;s]

≡ |Ψ± (t)⟩
where r=[· · · , rµ , · · · ] and s=[· · · , sµ , · · · ] with rµ =kµ +
nµ and sµ =mµ +lµ . Furthermore, it is easy to prove

[r;s+
µ]

(t)⟩ (24)

Substituting Eqs. (22)−(24) into Eq.(20), we obtain a
simpliﬁed version of HSSE,

{
}
]
∑[
∂ [r;s]
[r;s]
±
|Ψ (t)⟩ = −i ĤS +
ξµ (t)fˆµ − ωµ (rµ − sµ ) |Ψ± (t)⟩
∂t ±
µ
]
∑ [
[r+
[r;s+
[r−
[r;s−
µ ;s]
µ]
µ ;s]
µ]
ˆ
−
fµ 2n̄µ,1 |Ψ± (t)⟩ + 2n̄µ,2 |Ψ± (t)⟩ − rµ |Ψ± (t)⟩ − sµ |Ψ± (t)⟩

(25)

µ

It is readily seen that Eq.(25) depends only on γµ but
not on γ
eµ , and the statistical properties of the stochastic
ﬁelds degenerate to
{ +
′
′
pri
⟨ξµ (t)ξµ+′ (t′ )⟩ = ⟨ξµ−,∗ (t)ξµ−,∗
′ (t )⟩ = δµµ′ αµ (t − t )
(26)
′
∗
′
⟨ξµ+ (t)ξµ−,∗
′ (t )⟩ = δµµ′ αµ (t − t )
because there is only one set of the ﬁelds in Eq.(25).
This is not surprising, since in this situation the antisymmetric part of the inﬂuence functional is equal to
unity and does not have an impact on the dynamics.

number of k points in the ﬁrst Brillouin zone, m=0,
N
N
N −1
for an odd N and m=− + 1, − +
±1,· · · ,±
2
2
2
N
2, · · · ,
for an even N . Furthermore, due to the sym2
metry of the Brillouin zone and the Hermiticity of the
Hamiltonian, we have fˆq† =fˆ−q and ωq =ω−q , which lead
†
to Âq (t)=B̂−q
(t) and B̂q (t)=Â†−q (t). Therefore, again,
half of the indexes in Eq.(19) are redundant, and we
can re-express Eq.(19) as
[k,l;m,n]
(t)⟩
|Ψ±

2. Systems with translational symmetry

For ultrafast quantum dynamics processes occurring
in solids, one often considers a system with translational symmetry and the periodic boundary condition. Typical models of this kind are the Su-SchrieﬀerHeeger model [47], the Holstein-Peierls model [48–50],
the Fröhlich polaron model [51], etc. As such, the
system and the bath are both well-described by the
crystal momentum, and their interaction conserves the
total crystal momentum. Therefore, we can rewrite
Eqs. (2)−(3) as
)
∑ (
1
†
ωq b̂q b̂q +
ĤB =
(27)
2
q
and
ĤI =

∑

(
)
fˆq b̂†q + b̂−q

(28)

q

Here, the index µ has been replaced by the crystal momentum deﬁned as q=2πm/N , where N is the total
DOI:10.1063/1674-0068/cjcp2009165

= Û0 (t)T+

[
∏(

Âq (t)

)kq +n−q

q

]
)mq +l−q
× B̂q (t)
U± (t) |ψ0 ⟩
(

[u;v]

≡ |Ψ±

(29)

(t)⟩

where u=[· · · , uq , · · · ] and v=[· · · , vq , · · · ] with
uq =kq +n−q and vq =mq +l−q .
Likewise, one can
directly prove that
[k,l;m,n+
−q ]

[k+ ,l;m,n]

(t)⟩ = |Ψ±

[k,l;m+
q ,n]

(t)⟩ = |Ψ±

|Ψ± q

[u+ ;v]

(t)⟩ = |Ψ± q

(t)⟩ (30)

and
|Ψ±

[k,l+
−q ;m,n]

[u;vq+ ]

(t)⟩ = |Ψ±

(t)⟩ (31)

To impose the symmetry of the Hamiltonian to Eq.(20),
we further set γq =γ−q , which leads to n̄q,1 =n̄−q,1 and
n̄q,2 =n̄−q,2 . In the end, with all of the above properties,
we can transform Eq.(20) into a simpler form. This is
accomplished by invoking the following relationship,
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∑

Y (q) =

∑

Y (−q) =

q

q

∑

∑

[Y (q) + Y (−q)] /2 = Y (0) + Y (π) +

q

[Y (q) + Y (−q)]

where Y is a symmetric function of q. For example, using this relationship, it is easy to show that
∑
∑
ωq (kq − lq − mq + nq ) =
ωq (uq − vq )
q

Another example is that
∑ [ ξq± (t) − iχ±
q (t)

(32)

q>0,q̸=π

(33)

q

] ∑(
)
ξq± (t) + iχ±
q (t) ˆ†
fq =
ξeq± (t) − ie
χ±
(t)
fˆq
(34)
q
2
2
q
q
)
( ±
(
±
±
(t))/2 and χ
e±
where ξeq± (t)= ξq± (t) +ξ−q
q (t)= χq (t) − χ−q (t) /2 are two newly-deﬁned stochastic ﬁelds. Note that
χ
e±
e±
π (t)=0. Continuing this procedure, we ﬁnally obtain
0 (t) = χ
}
{
)
]
∑ [(
∂ [u;v]
[u;v]
±
±
|Ψ
χq (t) fˆq − ωq (uq − vq ) |Ψ± (t)⟩
(t)⟩ = − i ĤS +
ξeq (t) − ie
∂t ±
q
] ∑ [
] (35)
∑ [
[u+ ;v]
[u;v+ ]
[u− ;v]
[u;v− ]
fˆq† 2n̄q,1 |Ψ± q (t)⟩ + 2n̄q,2 |Ψ± q (t)⟩ +
−
fˆq uq |Ψ± q (t)⟩ + vq |Ψ± q (t)⟩
fˆq +

q

q

The statistical properties of the newly-deﬁned stochastic ﬁelds are

δqq′ + δq,−q′ pri

αq (t − t′ )
(t′ )⟩ =
⟨ξeq+ (t)ξeq+′ (t′ )⟩ = ⟨ξeq−,∗ (t)ξeq−,∗

′


2



δqq′ − δq,−q′ pri

′
′

⟨e
χ+
χ+
χ−,∗
χ−,∗
αq (t − t′ )

q (t)e
q (t)e
q ′ (t )⟩ =
q ′ (t )⟩ = ⟨e


2



δqq′ + δq,−q′ ∗
 e+ e−,∗ ′
⟨ξq (t)ξq′ (t )⟩ =
αq (t − t′ )
2



δqq′ − δq,−q′ ∗
′

 ⟨e
χ+
χ−,∗
αq (t − t′ )

q (t)e
q ′ (t )⟩ =

2



′
+

e− χ−′ (t′ )⟩ = 0

χ+
 ⟨ξeq (t)e
q
q ′ (t )⟩ = ⟨ξq (t)e


 e+
−,∗ ′
+
(t′ )⟩ = 0
χq (t)ξeq−,∗
χq′ (t )⟩ = −⟨e
⟨ξq (t)e
′

Again, we can see that Eq.(35) is irrelevant to γ
eq and
α
eq (t) because the antisymmetric part of the inﬂuence
functional reduces to unity in this situation.
3. γµ = γ
eµ = nµ

Without any assumptions of the Hamiltonian, the hierarchical structure of Eq.(20) can also be naturally reduced if we properly choose the values of γµ and γ
eµ . Setting γµ =e
γµ =nµ , which corresponds to n̄µ,1 =n̄µ,3 =0 and

(36)

n̄µ,2 =n̄µ,4 =1/2, it is not hard to ﬁnd that the zeroth order auxiliary wavefunction is completely decoupled from
higher-order auxiliary wavefunctions with nonzero k, l
or n. Therefore, it is no longer necessary to solve all
of the wavefunctions simultaneously. In fact, we only
need to solve those with k=l=n=0. Deﬁning
[m]

[0,0;m,0]

|Ψ± (t)⟩ ≡ |Ψ±

(t)⟩

and carefully inspecting Eq.(20), one obtains

{
]}
∑ [ ξµ± (t) − iχ±
ξµ± (t) + iχ±
∂ [m]
µ (t) ˆ
µ (t) ˆ†
[m]
|Ψ (t)⟩ = − i ĤS +
fµ +
fµ + ωµ mµ
|Ψ± (t)⟩
∂t ±
2
2
µ
∑
∑
[m− ]
[m+ ]
mµ fˆµ |Ψ± µ (t)⟩
fˆµ† |Ψ± µ (t)⟩ +
−
µ

(38)

µ

In the cases that fˆµ is Hermitian or the Hamiltonian has
translational symmetry, Eq.(38) can be further simpliDOI:10.1063/1674-0068/cjcp2009165

(37)

ﬁed. Therefore, Eq.(38) has the great advantage that
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the total number of auxiliary wavefunctions are tremendously reduced so that it can be applied to larger systems as compared with other HSSEs. For practical purposes, careful numerical tests are still required for the
stochastic convergence property of Eq.(38).

we straightforwardly obtain the following HSSE [32]:
∂ [l]
|Ψ (t)⟩ =
∂t (±
)
∑
∑
[l]
±
ˆ
− i ĤS +
ξµ (t)fµ − iωc
lµ |Ψ± (t)⟩ (41)
− λωc

4. Continuous bath in the condensed phase

∑

µ

µ

[l− ]
lµ fˆµ |Ψ±µ (t)⟩

µ

In the condensed phase, the environment such as
the solvent or the protein scaﬀold often exhibits local and overdamped features. Consequently, the interaction operators {fˆµ } are very local in space, and
each of them couples to their own local environment.
Therefore, it is valid to invoke the independent bath approximation and assume that each
local environment consists of a continuum of harmonic oscillators. In the end, Eq.(2)
and Eq.(3)
)
(
∑∑
1
†
and
are reformulated as ĤB =
ωµj b̂µj b̂µj +
2
µ
j
∑
∑
ĤI =
fˆµ ⊗
cµj (b̂†µj + b̂µj ), respectively. Here, the
µ

j

spectrum of each bath are characterized by the frequency ωµj and the system-bath interaction strength
constant cµj , which can be elegantly
∑ described by the
c2µj δ(ω − ωµj ). Unspectral density function Jµ =π
j

der this situation, the bath correlation function can
often be
∑written as the sum of exponential functions,
αµ (t)=
dµm e−Ωµm t . Here, dµm and Ωµm represent
m

no longer the properties of a single oscillator but the
overall properties of a substantial part of the bath. In
general, dµm and Ωµm can be either real or complex
numbers. For instance, one of frequently adopted models in the condensed phase is the Debye-Drude spectral
density function [52]
J(ω) =

2λωωc
ω 2 + ωc2

(39)

where λ and ωc denote the reorganization energy and
the bath cutoﬀ frequency, respectively. For this model,
the corresponding correlation function reads

α(t) =λωc coth
− iλωc e

∞
βωc −ωc t ∑ 4λωc ων
e
−
2
β(ωc2 − ων2 )
ν=1

(40)

−ωc t

where ων =2πν/β is the Matsubara frequency. We can
still use the same techniques introduced previously to
deal with this model. Concretely speaking, adopting
Eq.(39) for all fˆµ with the same λ and ωc and deﬁning
the residual correlation function as αres (t)=−iλωc e−ωc t ,
DOI:10.1063/1674-0068/cjcp2009165

−i

∑

+

[l ]
fˆµ |Ψ±µ (t)⟩

µ

and the stochastic ﬁelds obey
 +
⟨ξ (t)ξµ+′ (t′ )⟩ = δµµ′ [α(t − t′ ) − αres (t − t′ )]


 µ
′
′
′
⟨ξµ−,∗ (t)ξµ−,∗
′ (t )⟩ = δµµ′ [α(t − t ) − αres (t − t )] (42)


 ⟨ξ + (t)ξ −,∗ (t′ )⟩ = δ ′ α∗ (t − t′ )
µ

µ′

µµ

A good generation scheme for such stochastic ﬁelds
has been proposed in Ref.[32, 42]. One great merit of
Eq.(41) is that all of the temperature eﬀects are included in the stochastic ﬁelds so that the equations
possess the simplest hierarchical structure. The truncation level of Eq.(41) is usually less than that of HEOM,
since the primary part of the system-bath interaction
has already been incorporated into the stochastic ﬁelds.
Furthermore, various numerical tests [32, 43, 53] have
also demonstrated that Eq.(41) has a satisﬁed stochastic convergence property over a large parameter regimes
if the generation scheme for stochastic ﬁelds is properly
chosen. In the next section, we will present the applications of Eq.(41) in the EET processes in large-scale
systems to demonstrate its power for the eﬃcient dynamics simulations of open quantum systems.
III. APPLICATIONS

As compared with other numerically exact methods,
HSSEs are more suitable for the dynamics simulations
in relatively large systems owing to the preferable scaling relationship between the numerical costs of HSSEs
and the system size. So far, HSSEs have been used
to investigate EET in the FMO trimer [32], resonant
vibration-assisted EET [54], the absorption and circular dichroism spectra of light-harvesting complex II [55],
the non-Markovianity of a system coupled with an ultraslow bath [53], and the calculation of two-dimensional
electronic spectroscopy [56, 57]. In this section, we review two recent applications of HSSEs, that is, the EET
process in the FMO complex [32, 43] and the resonant
vibration-assisted EET mechanism [54], to demonstrate
the applicability and eﬃciency of HSSEs in simulating
relatively large-scale systems.
A. EET in the FMO complex

EET in the photosynthetic process are known to have
an incredible quantum eﬃciency of nearly unity [58, 59],
c
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FIG. 1 Population evolution of the ﬁrst four BChl sites for a 7-site FMO complex. The reorganization energy λ is set as
35 cm−1 . The truncation levels of hierarchy, LHEOM , and the number of Matsubara frequencies, K, that are needed in
HEOM are (a) (4, 3); (b) (5, 1); (c) (6, 2); (d) (10, 1). The truncation levels of hierarchy for HSSE, LHSSE , are 3 in all four
cases, while the random trajectory numbers are (a) 2×104 ; (b) 104 ; (c) 104 ; (d) 5×103 . Reprinted with permission from
c
Ref.[43]. ⃝2018
Wiley Periodicals, Inc.)

which has aroused great research interest during the
decades. One prototype for the studies of such a process is the FMO [60, 61], a homotrimer found in green
sulfur bacteria and funnelling excitation energy from
light-harvesting chlorosome toward the reaction center.
Over ten years ago, Engel et al. [62] carried out elaborate two-dimensional electronic spectroscopy (2DES)
experiments on the FMO complex at cryogenic temperature and found unexpected long-lasting quantum
beating phenomenon. This rapidly fuels intense debates about the role played by quantum coherence in
EET [58, 63–71].
From the theoretical perspective, it is a key point
to give theoretical descriptions with enough accuracy
so as to ravel out the ambiguity of experimental results. Using HEOM under the high-temperature approximation, Ishizaki and Fleming [63] performed the
ﬁrst non-perturbative and non-Markovian quantum dynamics calculations of EET in the FMO subunit. Their
work is based on a primal model of apo-FMO that consists of seven bacteriocholoriphyll (BChl). They assumed that each BChl site is coupled to an independent thermal bath. These baths share the same DebyeDrude spectral density function, Eq.(39), which is welljustiﬁed and parameterized experimentally. It is adequate to consider EET within one subunit because
the inter-subunit couplings are very weak in this primal model. Nevertheless, it has been conﬁrmed recently
[72, 73] that in each FMO subunit there exists an eighth
BChl (holo-FMO), which is suggested to link two neighbouring subunits [74, 75]. To ascertain the function
of the eighth BChl in EET, it is necessary to consider
DOI:10.1063/1674-0068/cjcp2009165

EET in a full 24-site FMO trimer, which is much more
demanding for theoretical simulations. In the following, we demonstrate the applicability and eﬃciency of
HSSE, Eq.(41), by calculating EET in both 7-site FMO
subunit and 24-site FMO trimer and comparing the results with those from the numerically exact HEOM.
Population evolutions of the ﬁrst four BChls in a
7-site FMO subunit calculated by HEOM and HSSE
are both shown in FIG. 1, where the same model used
by Ishizaki and Fleming is adopted, and four diﬀerent sets of T and ωc with a ﬁxed bath reorganization
energy of λ=35 cm−1 are considered. The local excitation at BChl 1 is set as the initial condition. Not
surprisingly, the results of HEOM and HSSE coincide
with each other since they are both numerically exact
methods. It can be seen that the truncation level of
hierarchy for HEOM, LHEOM , increases as the temperature increases or ωc decreases, while the number of
Matsubara frequencies K increases in the opposite situation. By contrast, the truncation levels of hierarchy
for HSSE, LHSSE , are nearly independent of the two parameters and are all smaller than those for HEOM. In
addition, as mentioned previously, since all of the temperature eﬀects are absorbed in the stochastic ﬁelds,
Eq.(41) does not require Matsubara or Padé frequency
decomposition schemes. As a consequence, the memory
space needed for solving HSSE is far smaller than that
for solving HEOM. The stochastic nature of HSSE also
makes it straightforward to include static disorder in the
system Hamiltonian without extra numerical eﬀorts.
The advantages of HSSE are more evident for a larger
system. FIG. 2 presents the results of EET in a full 24c
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FIG. 2 Population evolution of the most populated eight BChls for a full 24-site FMO complex. The reorganization energy
λ is set as 35 cm−1 . LHSSE are 3 in all four cases, while the random trajectory numbers of HSSE are (a) 104 , (b)5×103 ,
(c) 104 , (d) 5×103 . Also shown are the approximate results calculated by PSSE. Reprinted with permission from Ref.[43].
c
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TABLE I The ratio of computational costs in a 24-site simulation to those in a 7-site simulation.
Parameter set (ωc−1 , T )
HEOM
HSSE
(50 fs, 77 K)
1192
42
(50 fs, 300 K)
1763
42
(166 fs, 77 K)
7833
84
(166 fs, 300 K)
79259
84

site FMO trimer calculated by HSSE. The intra-subunit
excitonic Hamiltonian and the inter-subunit couplings
are adopted from Refs. [76] and [75], respectively (for
the details, see Ref.[32]). It can be seen that LHSSE is
unchanged as compared with that of a 7-site result, and
the random trajectory numbers slightly decrease. The
calculations of HEOM for the population evolutions in
a FMO trimer at the bath conditions of ωc−1 =50 fs and
T =300 K have been done by Wilkins and Dattani [70]
with the aid of a more eﬃcient propagation scheme.
Table I lists the ratio of computational costs in a 24site simulation to those in a 7-site simulation [43], where
for HEOM in the 24-site case we have assumed that
LHEOM and K are the same as the 7-site case. One
can see that the computational costs of both HEOM
and HSSE increase rapidly, but the increasing rate of
the former one is far greater than that of the latter
one, especially in the case ωc−1 =50 fs and T =300 K.
FIG. 2 also presents the approximate results calculated
by PSSE. The remarkable accuracy of PSSE in the FMO
complex is well justiﬁed.
DOI:10.1063/1674-0068/cjcp2009165

B. Resonant vibration-assisted EET

Recently, there exists a conjecture [67, 77–83] that
the long-lived beating signals in the cross-peak of 2DES
arising in the FMO complex [62, 64] and other systems
[84–86] originate from the interaction between the exciton and an underdamped vibration. Among the relevant studies, a strand of researches focus on the phenomenon of resonant vibration-assisted EET, which is
a EET process accelerated by an underdamped vibration as the vibrational frequency is resonant with the
excitonic energy gap. Theoretically, various eﬀorts have
been devoted to conﬁrming the existence of such a phenomenon [87–101]. It has been found [88, 102, 103] that
the resonant frequency is relevant to the total reorganization energy of EET. Synergistic eﬀects of multiple
modes have also been reported [102].
Nevertheless, several studies have found that resonant underdamped vibrations have little eﬀect on the
EET processes in the FMO complex [104, 105] and lightharvesting complex II [18]. Researches on the phycobilliproteins and photosystem II reaction center [106–
108] have also pointed out that underdamped vibrations may even hamper the EET and charge separation
processes. In addition, most of the theoretical studies
have assumed a local exciton-phonon coupling, whereas
in realistic systems nonlocal contributions (non-Condon
eﬀect) may also be substantial. To clarify the conﬂicts
and give a deﬁnite condition required for the occurrence
of resonant vibration-assisted EET, it is necessary to
consider both local and nonlocal exciton-phonon couplings for a broad parameter regimes.
We have used Eq.(41) to investigate the resonant
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FIG. 3 Contour maps of the population ratio R that measures the
value of JDA is given in each subgraph, and other parameters are
dashed lines mark Ω=∆E and ϕ=θ, respectively. All of the areas
thin white dashed curves. Adapted with permission from Ref.[54].

vibration-assisted EET in a heterodimer system and assumed that the donor and the acceptor are respectively
coupled to two independent continuous baths which
share the same Debye-Drude spectral density function,
Eq.(39). In this situation, the two independent baths
can be exactly mapped into one anti-correlated bath,
and this trick can be used to reduce the computational
cost [54]. The Hamiltonian of the excitonic states coupled with an underdamped mode is given by
(
)
∆G
ĤS =
+ κQ̂ cos ϕ ⊗ (|D⟩⟨D| − |A⟩⟨A|)
2
(
)
+ JDA + κQ̂ sin ϕ ⊗ (|D⟩⟨A| + |A⟩⟨D|) (43)
1
κ2 cos2 ϕ
1
+ P̂ 2 + Ω2 Q̂2 +
2
2
2Ω2
Here, |D⟩ or |A⟩ represent a local excitation at the donor
or the acceptor, respectively. ∆G is the site-energy
diﬀerence between |D⟩ and |A⟩. JDA is the excitonic
coupling. P̂ and Q̂ are the mass-weighted momentum
and coordinate operators of the mode with frequency
Ω. κ determines the coupling strength between excitonic states and the mode. The variable ϕ, which we
refer to as the coupling angle hereafter, is introduced to
specify the coupling form of the underdamped mode to
the exciton. In general, ϕ could vary from zero to π. In
the special case ϕ=0 or ϕ=π, the mode only diagonally
coupled to the excitonic states, which corresponds to a
pure local exciton-phonon coupling. On the other hand,
ϕ=π/2 corresponds to a pure nonlocal exciton-phonon
coupling. The last term in Eq.(43) accounts for the
reorganization energy from the local component of the
exciton-phonon coupling. In all calculations, the temperature is 277 K, the bath cutoﬀ frequency is ωc−1 =50
cm−1 , and we ﬁx κ2 /2Ω2 =1 cm−1 to ensure a very small
coupling between excitonic states and the mode. The
initial excitation is located at the donor.
For the convenience of discussions, we further introduce three quantities. The ﬁrst one is the mixing angle deﬁned as θ=tan−1 (2JDA /∆G), which describes the mixing degree of |D⟩ and |A⟩ in the elecDOI:10.1063/1674-0068/cjcp2009165

magnitude of vibration-assisted promotion in EET. The
∆G=250 cm−1 , λ=5 cm−1 . The black and white thick
with R smaller than 1 are painted black and looped by
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tronic eigenstates. The second one is the energy
gap between
two electronic eigenstates, calculated as
√
2 . The last one is the population
∆E= ∆G2 + 4JDA
ratio R that measures the promotion eﬀect of the underdamped mode on EET. The population ratio is deﬁned as the ratio of average transferred population in
the presence of the mode to that without the presence
of the mode. The larger the population ratio, the more
signiﬁcant the promotion eﬀect. The readers can refer
to Ref.[54] for a detailed expression of R.
We ﬁrst investigate the resonant vibration-assisted
EET in a downhill energy landscape with weak thermal ﬂuctuations. FIG. 3 presents the population ratios
R for diﬀerent combinations of Ω and ϕ at ∆G=250
cm−1 and λ=5 cm−1 . The contour maps exhibit colorful features. It is immediately seen that a striking
peak clearly appears as the vibrational frequency Ω is
resonant with ∆E. One can also ﬁnd that the promotion eﬀect is strongly dependent on the coupling angle
ϕ. For instance, at the resonant frequency, the population ratio reaches its maximum at ϕ=θ+π/2, while it
rapidly declines to unity (i.e., no promotion eﬀect) as
ϕ approaches θ. The results demonstrate that it is not
enough to only concentrate on the vibrational frequency
in the resonant vibration-assisted EET.
These results can be explained by inspecting the
downhill ﬂow of the population between excitonic eigenstates, which form a natural basis set for the excitonic
subspace at weak thermal ﬂuctuations [109]. Transforming the excitonic degree of freedom into the eigenstate representation, Eq.(43) can be rewritten as
[
]
∆E
ĤS =
+ κQ̂ cos(ϕ − θ) ⊗ (|E1 ⟩⟨E1 | − |E2 ⟩⟨E2 |)
2
(44)
+ κQ̂ sin(ϕ − θ) ⊗ (|E1 ⟩⟨E2 | + |E2 ⟩⟨E1 |)
1
κ2 cos2 ϕ
1
,
+ P̂ 2 + Ω2 Q̂2 +
2
2
2Ω2
θ
θ
θ
where |E1 ⟩=cos |D⟩+sin |A⟩ and |E2 ⟩=−sin |D⟩+
2
2
2
θ
cos |A⟩ are high- and low-energy eigenstates, respec2
c
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FIG. 4 Contour maps of the population ratio R that measures the magnitude of vibration-assisted promotion in EET. The
value of JDA is given in each subgraph, and other parameters are ∆G=40 cm−1 , λ=150 cm−1 . The black and white thick
dashed lines mark Ω=∆E and ϕ=θ, respectively. All of the areas with R smaller than 1 are painted black and looped by
c
thin white dashed curves. Reprinted with permission from Ref.[54]. ⃝2018
Wiley Periodicals, Inc.

tively. In the case that ∆G≫JDA , the mixing angle
θ is quite small, and consequently |D⟩ and |A⟩ mostly
comprise |E1 ⟩ and |E2 ⟩, respectively. As such, the population transfer between |E1 ⟩ and |E2 ⟩ is very in line
with that between |D⟩ and |A⟩. Inspecting Eq.(44), one
can ﬁnd that the mode-generated |E1 ⟩→|E2 ⟩ channel is
controlled by the factor sin(ϕ − θ). In the case ϕ=θ, the
channel is completely shut oﬀ, and there is no promotion
eﬀect no matter what the value of Ω is. As ϕ gradually
deviates from θ, transition channels |E1 , ν⟩→|E2 , ν + 1⟩
are turned on, where |ψ, ν⟩ denotes that the excitonic
state is |ψ⟩ and the underdamped mode is in the νth energy level. Hence, the EET process is accelerated
when Ω is resonant with ∆E. Finally, at ϕ=θ+π/2, the
coupling between |E1 , ν⟩ and |E2 , ν +1⟩ reaches its maximum, which leads to a most favorable ϕ for EET. In addition, multiphonon processes that occur at Ω≈∆E/n
(n = 2, 3, · · · ) are also allowed, which are conﬁrmed by
the appearance of secondary maximum at Ω=∆E/2 in
FIG. 3.
Nevertheless, the above picture gradually loses its validity as thermal ﬂuctuations become more and more
strong. It is known that strong background phonon
ﬂuctuations will dress the exciton to behave like a quasiparticle called the polaron [110], and the excitonic coupling JDA is reduced to JeDA =DJDA , where D<1 is the
Debye-Waller factor. The stronger λ is, the smaller the
eﬀective excitonic coupling. As such, the eﬀective mixing angle θe will gradually vary to zero as λ becomes
very large, and the optimal coupling angle changes from
ϕ=θ+π/2 to ϕ=π/2. FIG. 4 presents the results at very
strong thermal ﬂuctuations. Indeed, the optimal ϕ always appears at π/2 no matter what the value of the
mixing angle is. Furthermore, since the strong thermal
ﬂuctuations break down the energy-level description of
the exciton, the promotion eﬀect arises over a broad
range of Ω from tens to hundreds of wavenumbers.
Finally, it should be pointed out that in the case
JDA ≫∆G, the promotion eﬀect completely disappears
regardless of other parameters. This is numerically
proved elsewhere [54] and can be inferred from both
DOI:10.1063/1674-0068/cjcp2009165

FIG. 3 and FIG. 4. In the two situations, the population ratio gradually approaches unity as JDA becomes
larger and larger.
IV. CONCLUDING REMARKS

The accurate and eﬃcient dynamics simulation of
open quantum systems is a long-standing subject with
a profound history. Here, we have reviewed a class of
numerically exact approaches of high eﬃciency termed
as HSSEs, which are wavefunction-based approaches
that beneﬁt from the linear scaling property of Hilbert
space with respect to the system size. Starting from
the inﬂuence-functional description of an open quantum system coupled to a bosonic bath, we have presented in great detail the general theoretical framework
of HSSEs, discussed their concrete forms in diﬀerent
situations, and demonstrated their practicality by applying them to the simulations of EET processes in a
large-scale photosynthetic complex and to the investigation of resonant vibration-assisted EET. Due to their
unique merits, it is expected that HSSEs will continue
to play an active role in the ﬁelds of open quantum
systems in the future.
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