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From the organization of animal ﬂocks to the emergence of swarming behaviors in bacterial
suspension, populations of motile organisms at all scales display coherent collective motion.
Recent studies showed the anisotropic interaction between the active particles plays a key
role in the phase behaviors. Here we investigate the collective behaviors of active Janus
particles that experience an anisotropic interaction of which the orientation is opposite to the
direction of active force by using Langevin dynamics simulations in two dimensional space.
Interestingly, the system shows emergence of collective swarming states upon increasing
the total area fraction of particles, which is not observed for systems without anisotropic
interaction or activity. The threshold value of area fraction decreases with particle activity or
interaction strength. We have also performed basic kinetic analysis to reproduce the essential
features of the simulation results. Our results demonstrate that anisotropic interactions at
the individual level are suﬃcient to set homogeneous active populations into stable directed
motion.
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I. INTRODUCTION

Collective behaviors of active matter have emerged
at all scales in nature, from the animal ﬂocks [1–3]
to the emergence of unidirectional motion of bacteria
[4, 5]. Understanding the physical origins of such collective behaviors is of great importance for revealing
the mystery of living systems and further for manufacturing smart materials [6, 7]. One of the most popular models is Vicsek model [8], which considers selfpropelled particles interacting solely via simple alignment rules. It has been proven that alignment rules at
the individual level could account for the emergence of
collective behaviors at the group level. Based on this
model, many investigations [9–12] have been done and
lots of interesting results were acquired. For instance,
Tailleur et al. [9] investigated the behavior of interacting self-propulsion particles with density-dependent
motility and found that interactions lead generically to
the formation of host of patterns. Using Vicsek-style
models with an Ornstein-Uhlenbeck process, Nagai et
al. [10] showed that memory is a crucial ingredient for
the collective properties of self-propelled particles and
uncovered a rich variety of collective phases that were
not observed in usual active systems, including vortex
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lattices and active foams.
To step further, more complex collective behaviors
have been systematically found in experiments, including the formation of large-scale vortices [13] and swarming behaviors [14]. All these model systems rely on
genuine physical interactions to generate collective motion. These interactions are complex and uncontrolled
but decisive for the large-scale behavior of the populations. A fascinating issue is how to measure and describe these interactions theoretically. A prior work by
Bricard et al. [15] pointed out that dilute populations
of millions of colloidal rolling particles self-organize to
achieve coherent motion in a unique direction. This is
the ﬁrst time for establishing the existence of a polarliquid phase experimentally involving active materials.
They demonstrated that genuine physical interactions
at the individual level are suﬃcient to set homogeneous
active populations into stable directed motion.
As mentioned above, the physical interactions among
individuals play a key role and should be considered.
Fortunately, advances in colloidal chemistry have led to
the reliable synthesis of artiﬁcial active self-propelling
colloids [16–19], in which the dynamics and interaction between particles can be better controlled to understand the physical origins of the emergent phenomena in active matter. Especially, many synthesized active particles are of Janus type [20–22], characterized
by having two sides or at least two surfaces of diﬀerent chemistry and/or polarity, wherein self-propulsion
arises from non-uniform properties such as temperac
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ture [23], or chemical activity [24], from light-driving
[25], or even from bubbles [26]. Interestingly, the interaction between these Janus particles can be strongly
anisotropic, as suggested by Tarazona and co-workers
[27] who specialized on amphiphilic particles composed
of a hydrophilic and a hydrophobic hemispheres. However, in most previous works of active particles, such
anisotropic Janus interactions have not been systematically accounted for. Therefore, an interesting question is what will happen if we consider the activity and
anisotropic interaction simultaneously.
Actually, such an issue has raised increasing attention very recently [6]. Experimentally, Gao et al. [20]
demonstrated that hydrophobic interactions provide a
new approach for constructing deﬁned assemblies of
chemically powered Janus particle motors. Granick and
co-workers [14] found that anisotropic interactions between active units can be controlled along with the activity simultaneously, consequently several interesting
new dynamic phase states such as chains, rotating pinwheels were observed. On the simulation side, our recent simulation work [28] showed that active Janus systems, in which self-propulsion force acts along the orientation of anisotropic interactions, can show interesting
reentrance phase separation behaviors. Mallory et al.
[29] studied the phenomenology of a two dimensional
dilute suspension of active amphiphilic Janus particles
which illustrate how the geometry of the colloids and
the directionality of their interactions can be used to
control the physical properties of the assembled active
aggregates.
We have proposed general biased-active particle
(BAP) model [30] very recently, wherein the direction
of active force is not aligned with the anisotropic interaction orientation but has an angle θ in between.
Remarkably, a highly ordered superlattice consisting of
small hexagon clusters with dynamic chirality emerges
within a proper range of active force, given that the biased angle is not too small in a mixture of biased-active
and passive particles. In fact, such a model would provide a new “design” strategy for active particles system, oﬀering a great opportunity to explore a variety of
new fascinating collective behaviors. Since the angle θ
could vary in (0, π), a lot of interesting phase behaviors
would be expected and many more systematic studies
are demanded. Experimentally, the BAPs are easier to
synthesize for the cases of θ=0 and π. Investigation of
these system is more practical and instructive. Because
the study of θ=0 has been done, in this work we want
to know how would the Janus interactions aﬀect the
collective behaviors of active system if the directions of
activity and anisotropic interaction are opposite to each
other (θ=π).
Motivated by this, in this work, we have studied
the collective behaviors in a system of active particles with opposite anisotropic interaction by using twodimensional Langevin dynamics simulations. Each active particle i is of Janus type, and one can deﬁne an
DOI:10.1063/1674-0068/cjcp2003037
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FIG. 1 (a) Schematic of active Janus particle with opposite
direction of active force and orientation of anisotropic interaction. The green side(face) is attractive and the blue(tail)
one is repulsive. n represents the active direction and q the
anisotropic orientation. (b) Contour plot of Janus potential
UAN for C=1.0 and rij =1.0 in the ui −uj plane, wherein
ui(j) is defined as the angle between vectors qi(j) and rij(ji)
as shown in the middle inset. The insets at the corners show
pair configurations corresponding to the values of ui(j) .

unit vector qi as the orientation of the particle pointing
to the face (green) side as shown in FIG. 1(a), which
is opposite to direction of the self-propulsion force denoted by ni . In particular, two particles i and j subjected to anisotropic interaction UAN (rij , qi , qj ), which
is dependent on the distance rij and directions qi,j with
tunable strength given by C, such that the face (green)
sides are mostly attractive while the back sides (blue)
are repulsive. In another word, the active force tends
to push two particles away from their attractive side.
Interestingly, we ﬁnd that there is an emergence of collective swarming behaviors within a proper range of active force and interaction strength: Upon increasing the
area fraction ϕ to some threshold value ϕc , the system
shows a clearcut transition from a homogenous disordered state to a directional swarming motion. Detailed
simulations show that the critical value ϕc decreases
monotonically with both the active force amplitude Fa
and the coupling strength C. We have also performed a
kinetic analysis to illustrate the underlying mechanism
of the formation of swarming band which can reproduce
the essential features of the simulation results.
The remainder of the paper is organized as follows.
In Section II, we give detailed descriptions of the model
and simulation dynamics. Section III presents the main
c
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simulation results of the phase behaviors, particularly
the emergence of swarming behavior. In Section IV,
we try to give a basic kinetic analysis about how the
swarming band is formed and how the critical value ϕc
depends on system parameters, followed by discussions
and conclusions in Section V.

II. MODEL

We consider a two-dimensional system containing N
Janus disk particles of the same diameter σ with active
force along direction n opposite to the face direction q
as depicted in FIG. 1. The interaction Uij between two
particles i and j contains two terms,
Uij (rij , qi , qj ) = UWCA (rij ) + UAN (rij , qi , qj )

(1)

where rij =rj −ri is the vector pointing from particles i
to j, and rij =|rij | is the corresponding distance. The
ﬁrst term UWCA (rij ) denotes an isotropic excluded volume interaction given by the WCA potential [31],
[( )
( )6 ]
12
σ
σ
UWCA (rij ) = 4ε
−
(2)
rij
rij
if rij <21/6 σ and zero otherwise, with ε the interaction strength. The second term UAN (rij , qi , qj ) is the
anisotropic Yukawa interaction potential whose form is
given by [32, 33]
Ce−λ(rij − σ)
UAN (rij , qi , qj ) =
(qi − qj ) · rji
2
rij

(3)

where C denotes the Janus interaction strength
and λ denotes the characteristic interaction length.
In FIG. 1(b), the contour plot of Janus potential UAN
in the ui −uj plane, wherein ui(j) is the angle between
vectors qi(j) and rij(ji) as shown in the inset of FIG.
1(b). For a ﬁxed particle distance, the conﬁguration
with ui =uj =0 (face-to-face) locates at the energy minimum, while that with ui =uj =π (tail-to-tail) conﬁguration is at the energy maximum. So the Janus interaction
is attractive (repulsive) for conﬁguration of face-to-face
(tail-to-tail). For the face-to-tail conﬁguration, there is
no Janus interaction between particles.
The dynamic equation governing the evolution of ri
(i=1, 2, ..., N ) is then given by


N
Dt  ∑ ∂Uij
ṙi =
−
+ Fa ni  + ξ i
(4)
kB T
∂ri

the magnitude of the active force which in the absence of interactions, will move a particle with speed
vp =Dt Fa /kB T .
Similar to conventional active Brownian particles,
the direction of active force ni (and thus qi ) changes
via random rotational diﬀusion. In addition, the
anisotropic interaction also exerts a torque on the particle and thus also leads to the change of orientation qi .
Therefore, the dynamic equations of qi can be written
as,
q̇i = −

(
)
N
Dr ∑ ∂UAN (rij , qi , qj ) ∂qi
+ ηi × qi (5)
kB T
∂ωi
∂ωi
j̸=i

wherein ωi is the angle between qi and the x-axis,
i.e., qi =(cos ωi , sin ωi ). This equation is obtained via
dqi /dt = (∂qi /∂ωi ) (dωi /dt), wherein
(
)(
) √
Dr
dωi
∂Ui
=−
+ 2Dr ηω (t)
(6)
dt
kB T
∂ωi
with Ui the total force subjected by particle i, Dr the rotational diﬀusion coeﬃcient and ηω (t) a Gaussian white
noise with zero variance and unit variance. Since UWCA
is isotropic, we have
N
∑

∂Ui
=
∂ωi

∂UAN (rij , qi , qj )

j̸=i

∂ωi

(7)

thus obtaining the ﬁrst deterministic
√ term in Eq.(5).
The noise term for q̇i is (∂qi /∂ωi ) 2Dr ηω (t) which is
actually a noise vector perpendicular to qi and can be
written as ηi ×qi , where ηi is a noise vector satisfying
⟨ηi (t)ηj (t′ )⟩=2Dr 1δij δ(t − t′ ). In numerics, we actually calculate the evolution of θi via Eq.(6). Note that
the rotational and translational diﬀusion coeﬃcients are
couples via Dr =3Dt /σ 2 in our work.
Simulations are performed in a L×L (L changes with
area fraction ϕ) two dimensional square box with periodic boundary conditions. σ, kB T , and τ =σ 2 /Dt are
chosen as the dimensionless units for length, energy and
time, respectively. We ﬁx ε=1.0, λ=3σ −1 and N =10084
during the simulations if not otherwise stated. The system is parameterized by three dimensionless values, the
area fraction ϕ=N πσ 2 /4L2 , Péclet number P e=vp τ /σ
and anisotropic interaction strength C. The simulation
time step is ∆t=10−4 τ and all simulations start from
random initial conditions and run for long enough time
to ensure the system has reached the stationary state.

j̸=i

III. PHASE BEHAVIORS

where kB denotes the Boltzmann constant, T is
the temperature, and ξi is the thermal ﬂuctuation satisfying ﬂuctuation-dissipation relationship
⟨ξi (t)ξj (t′ )⟩=2Dt 1δij δ(t − t′ ) with Dt the translational
diﬀusion coeﬃcient and 1 the unit tensor. Fa is
DOI:10.1063/1674-0068/cjcp2003037

To begin with, we investigate how the collective behavior of active Janus particles depends on the area
fraction ϕ with ﬁxed Péclet number P e and interaction strength C. FIG. 2 shows the results for P e=360
c
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FIG. 2 Typical phase behaviors for active particles with opposite Janus interaction under fixed P e=360 and C=9. (a)
Isotropic gas, ϕ=0.1. (b) Polar band, ϕ=0.18. (c) Homogeneous polar liquid, ϕ=0.4. The red arrows in (a−c) represent the
local polar order magnitude and its directions. Panels (d−f) show the corresponding density distributions. (g) Left axis:
global polar order S as a function of ϕ (black line). Right axis: Phase densities as a function of area fraction (blue line).
Swarming polar band occurs as ϕ exceeds ϕc =0.15, and ϕc is dependent on C and P e.

and C=9. At low area fraction, the particles form an
isotropic disordered state, wherein all particles move
in random directions as shown in FIG. 2(a) for ϕ=0.1.
The system is homogeneous, and the probability distribution function (PDF) for density shows a single peak
as depicted in FIG. 2(d). Upon increasing ϕ to a larger
value, say ϕ=0.18 as shown in FIG. 2(b), interestingly,
we observe a clearcut phase separated behavior wherein
the system contains a dense band immersed in a dilute
‘gas’ phase. Moreover, the band shows swarming behavior, i.e., all the particles move in nearly the same
direction. Accordingly, the density distribution of the
system is depicted in FIG. 2(e), which contains two
peaks, one at ϕ≈0.54 corresponding to the dense swarming band and the other at ϕ≈0.1 corresponding to the
dilute gas phase. If the area fraction is too large, for instance ϕ=0.4 as shown in FIG. 2(c), the swarming band
may span over all the box and no phase separation ocDOI:10.1063/1674-0068/cjcp2003037

curs any more. In this case, all the particles move in
the same direction (which could be random) forming a
polar liquid phase. Accordingly, the density distribution function becomes single-peaked again as shown in
FIG. 2(f).
To quantitatively describe the swarm behavior, it is
convenient
⟨ to Nintroduce the⟩polarization order param1 ∑
cos(ni − n̄) , where n represents the
eter S=
N i=1
average orientation of all particles and ⟨·⟩ denotes average over ensemble and time. For a perfect swarm state
where all particles move in the same direction, S=1, and
S=0 for disordered gas phase. In FIG. 2(g), the dependence of S (black line) in the area fraction ϕ is shown
for P e=360 and C=9. Clearly, a sharp transition takes
place at ϕc ≈0.15 where S changes abruptly from nearly
zero to about 0.75 in a vary narrow range of ϕ, followed
c
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FIG. 3 (a) The effect of different P e =400, 360, 280, 200, 120 under fixed C=9 for the emergent swarming behavior. The
inset graph represents the relationship between P e and critical area fraction ϕc . (b) The effect of different C =11, 9, 7, 5, 4
under fixed P e=360 the emergent swarming behavior. The inset graph represents the relationship between C and critical
area fraction ϕc .

by a slow increase of S to nearly 0.9 with increment of
ϕ. It is also possible to deﬁne a local polar order parameter S̄i which represents the local area order and is the
averaged value of cos(nj −n) over the particles j contained in the corresponding region. In FIG. 2(a−c), we
draw S̄i by small red arrows, where the length denotes
its amplitude and the direction represents the averaged
particle orientation within the local range.
Note that the variation of S does not reﬂect
the change from phase-separated swarming state
in FIG. 2(b) to homogeneous polar liquid state in
FIG. 2(c). Therefore, we have also drawn the dependence of phase packing fraction on ϕ as shown
by the blue lines in FIG. 2(g). Within the range
ϕ∈(ϕc , ϕ1 ), where ϕ1 ≈0.36 corresponds to the transition
from swarming band to polar liquid, the phase packing fraction shows two clearcut branches, one to the
dense swarming phase and the other to the gas phase.
It is interesting to note that the area fraction of dense
band keeps almost the same (ϕdense ≈0.56) within this
phase-separated range of ϕ, until the band spans over
the whole system and the phase separation disappears.
Above observations clearly demonstrate the emergence of collective swarming behavior of active Janus
particles with increasing area fraction. Note that this
is quite diﬀerent from the well-known motility-induced
phase separation (MIPS) of active Brownian particles,
wherein the interaction among particles is isotropically
pure-repulsive, such as those described by the WCA potentials. It is shown that for MIPS to happen, both
the Péclet number and area fraction must be larger
than some threshold values. In particular, no MIPS can
be observed for ϕ<0.3, which is much larger than the
critical value ϕc (0.15) here. Therefore, although the
swarming state observed here is also a phase-separated
state, obviously the anisotropic interaction has made
the phase separation easier. Furthermore, area fraction
of the dense swarming band is also much smaller than
DOI:10.1063/1674-0068/cjcp2003037

the dense cluster in MIPS, wherein the former is about
0.56 as shown in FIG. 2(g) while
√ the latter is about
the close-packed value ϕcp =π/2 3. Surely there exists
no polar order in MIPS wherein the orientation of the
particles is random and isotropic.
Comparison between the swarming behavior observed
here and the usual MIPS clearly indicates the important role played in the anisotropic interaction. It is
thus quite straightforward to ask how the above observations depend on the coupling strength C as well as the
Péclet number P e. The results are shown in FIG. 3. In
FIG. 3(a), the order parameter S is presented as a function of ϕ for ﬁxed C=9 but diﬀerent values of P e vary
from 120 to 400. One can see that the curve shifts to
larger values of ϕ with decreasing P e, indicating that
the critical value ϕc increases with decreasing P e. If P e
is too small, say P e=120, the value of S keeps nearly
zero with increasing ϕ and no transition to swarming
band behavior can be observed. Therefore, for a ﬁxed
interaction strength, there exists a threshold value for
P e below which no swarming behavior can be observed.
Similarly in FIG. 3(b), the dependence of S on ϕ for
ﬁxed P e=360 but varying C is presented. With increasing C, the curve also shifts to larger ϕ, indicating that
ϕc also increases with decreasing interaction strength
C. If C is too small as shown for C=4 in FIG. 3(b), no
transition to swarming behavior can be observed.
With the variation of P e or C, we see that the change
of order parameter S becomes more and more continuous. To determine the transition point ϕc from disordered state to swarming band more accurately, we need
to investigate PDFs of the density, as we have done
to obtain FIG. 2 (d) to (f). With the variation of ϕ,
the PDF changes from single-peaked to bimodal at the
transition point ϕc . In FIG. 4, dependences of the (local) packing density on the total area fraction ϕ are
shown for FIG. 4(a) ﬁxed P e=360 with varying C and
FIG. 4(c) ﬁxed C=9 with varying P e. Transitions from
c
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FIG. 4 The packing fraction of the swarming band (upper branch) and the disordered phase (lower branch) as functions of
ϕ for (a) varying C with fixed P e=360 and (c) varying P e with fixed C=9. (b) and (d) illustrate the dependences of ϕc1
and ϕc2 on the C(P e) for fixed P e(C) respectively.

homogeneous state to phase-separated swarming state
are clearly demonstrated via the branching of packing
density. Obviously, the transition point ϕc shifts to
smaller values with increasing P e or C, in accordance
with the variation of S as expected. Also we can see that
the system would ﬁnally change to the homogeneous polar liquid state if ϕ is larger than some threshold value
similar to that observed in FIG.2(c). Similarly, this
second transition point ϕc2 also decreases with increasing P e or C. The range ϕ∈(ϕc1 , ϕc2 ) (ϕc1 =ϕc ) corresponds to where the phase-separated swarming band
is observed. In FIG. 4 (b) and (d), the dependences of
ϕc1 (ϕc2 ) on C(P e) are presented for ﬁxed P e(C) respectively, both showing monotonic decreasing tendency. It
can be seen that the range of ϕ for swarming to occur
is the largest for some intermediate values of P e or C.
Another interesting point to note that the density of the
swarming band keeps nearly unchanged for diﬀerent P e
or C, although it slightly increases with ϕ.
To get a global picture, we have depicted the contour
plots of S in the parameter plane of (P e, ϕ) as well as
(P e, C) in FIG. 5 (a) and (b), respectively. Also shown
are the lines representing ϕc1 (black) and ϕc2 (blue).
The plots clearly demonstrate that the polar band can
only be observed when P e and ϕ exceed some threshold values for given coupling strength C or when P e and
ϕ exceed some threshold values for given C. We note
that the transition line of ϕc1 does not coincide with
the boundary for S=0, since already some polar order
DOI:10.1063/1674-0068/cjcp2003037

appears (S>0) before the band forms. Generally, the
system is disordered and homogeneous for small packing
fraction ϕ and small activity P e (or interaction strength
C), changes to collective swarming band in a range of
the parameter plane with intermediate values of ϕ and
P e (or C), and further undergoes transition to homogeneous polar liquid in the upper-right corner of the
parameter plane with too large ϕ and P e (or C). Interestingly, by extension simulations, we ﬁnd the swarming phenomena can still be observed in the range of
θ∈(0.8π, π). In this range of biased angle, active Janus
particles could be regarded as active repulsive particles
if the activity is large enough, of which repulsive interactions could induce the alignment of particles. Besides,
we also study how the system size would inﬂuence the
global polar order (keeping the same area fraction). We
ﬁnd that the system size has nearly no inﬂuence on the
global polar order and the critical value. Therefore, we
conclude that the swarming behavior is robust with the
change of system size.

IV. KINETIC ANALYSIS

The above observations clearly demonstrate the important roles played by the anisotropic interaction in
the collective behaviors of active particles systems. As
we already discussed, the emergent swarming behavior
is quite diﬀerent in phenomenon from the well-known
c
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FIG. 5 (a) The phase diagram and contour plot of global polar order parameter S on the P e-ϕ plane for C=9. (b) The
phase diagram and contour plot of global polar order parameter S on the C-ϕ plane for P e=360.

MIPS which has already been thoroughly investigated
in the past few years [34–37]. In particular, MIPS of
simple active Brownian particles (ABPs) can be understood via a kinetic analysis [35, 38]. A cluster grows
when ABPs pump into its surface due to active motion,
while it shrinks when particles leave via random rotation. Qualitatively, assuming random orientation distribution in the gas phase and ﬂat surface of the largest
cluster, the ﬂux for cluster growth, kin , is proportional
to ρg vp where vp =Dt Fa /kB T and ρg is the number density in the gas phase, the ﬂux for cluster shrink, kout ,
can be estimated by Dr /σ. Such a kinetic analysis is
also applied to ABPs with isotropic long-range interactions to account for the reentrant phase behavior observed in simulations, and can also be used to obtain an
eﬀective free-energy landscape for the nucleation process.
Compared to the ABPs system, we have introduced
an additional anisotropic interaction described by UAN .
An important feature is that the direction of active force
points to the ‘back’ side of the particle, i.e., the repulsive side. Therefore, if two particles move toward each
other, the eﬀect of the Janus interaction is to repel them
and make the particle change direction. This could lead
to some kind of alignment eﬀect, which is required by
the emergence of swarming behavior. Another eﬀect
of the Janus interaction is that the particle orientation
would no longer undergo random diﬀusion because of
the torque, which could inﬂuence kout for particle leaving an existing cluster or the swarming band.
In the present section, we try to perform a basic kinetic analysis to understand the formation of swarming band and some essential features of the phase behavior. To this end, we assume that in the steady
state the band moving in the x-direction with a collective velocity vb <
∼vp , with the surface particles all facing the left. Consider a tagged particle 1 with position
r1 =(R, 0) in front of the band with moving direction
na =(cos θ, sin θ), where R is the distance to the surface
and θ is the angle with the x-axis (see FIG. 6). For
DOI:10.1063/1674-0068/cjcp2003037

FIG. 6 Schematic representation of the swarming kinetics.
The particle 1 in front of the band tend to align with the
swarming direction (θ tends to decrease to zero) thus contributing to flux into the band. Particle 3 in the back surface will drift out the band if the angle θ′ is larger than some
threshold value and thus contribute to flux out of the band.
See the main text.

symmetric reasoning, we only need to investigate the
case θ∈(0, π). For this particle, q1 =(− cos θ, − sin θ)
pointing to the back-bottom direction. Consider another particle on the surface with position r2 =(0, y),
of which the orientation is given by q2 =(−1, 0) (the
particle 2 shown in FIG. 6 has y=0). The anisotropic
interaction between particles 1 and 2 is then given by

V12 (y, θ) =

=

Ce−λσ e−λ(y

2

1/2

+R2 )
1/2

(y 2 + R2 )
Ce−λσ e−λ(y

2

(q1 − q2 ) · r̂21

1/2

+R2 )
1/2

(y 2 + R2 )

[(1 − cos θ) R + y sin θ]

The total interaction exerted by the surface particles on
c
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particle 1 would be approximately
∫ L/2
V1 (R, θ) =
V12 (y, θ) dy = Cf (R) (1 − cos θ) (8)
∫
f (R) ≡

−L/2

L/2

e−λσ Re−λ(y

2

1/2

+R2 )

(
)
/ y 2 + R2 dy (9)

−L/2

Eq.(9) is a function of R only in the limit of large L.
One may further consider the particles in other layers
of the band, which would lead to larger f (R) but with
same dependence on θ.
Under this interaction, the dynamic equation governing the change of orientation θ of particle 1 is given by
(ignoring the WCA potential since it is reasonable to
assume R>Rc and the WCA potential does not take
eﬀect),
√
dθ
= −βDr ∂θ V1 (R, θ) + 2Dr η(t)
dt
√
= −βDr Cf (R) sin θ + 2Dr η (t)

(10)

Clearly, since sin θ>0 for θ∈(0, π), the angle θ experiences a restoring force to θ=0, namely, the particles
tend to align to the moving direction (with ﬂuctuations). The alignment eﬀect becomes stronger for larger
Janus interaction strength. Therefore, for particles in
front of the swarming band, anisotropic interactions
make them align with the swarming direction.
Since the band moves to the right with nearly a constant velocity vb , all the front particles with vp cos θ ≤
vb would ﬁnally join the band. Under the anisotropic
interaction as discussed above, they will ﬁnally align
with the band particles and move to the right with vb .
The ﬂux kin per unit length for the band to grow can
then be estimated by
∫
kin =
f (θ) (vb − vp cos θ) ρg dθ
(11)
cos θ≤vb /vp

where ρg and f (θ) are the number density and distribution of orientation in the low density gas phase, respectively. Before collision into the band, particles in the
gas phase are isotropic in orientation, i.e., f (θ)≈1/2π.
Note that vb =0 corresponds to a static cluster, leading
∫ 3π/2
to kin =
−f (θ) vp cos θdθ=ρg vp /π in consistence
π/2

with the ﬂux for growth kin in MIPS. For vb ̸= 0 here,
one can obtain
[
[
]
( )2 ]
v
vb
b
kin ≈ ρg vb 1 − π −1 cos−1
+ 2ρg vp 1 −
vp
vp
(12)
According to the simulation, vb is slightly smaller than
vp , and vb /vp approaches 1 with increasing vp . Using
rough approximation 1 would lead to kin ≈ρg vp . Generally, kin increases with vp such that the band is easier
to form for larger vp .
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We now consider a particle 3 on the back surface of
the band with orientation q3 =(− cos θ′ , − sin θ′ ). Using similar analysis, we can obtain the interaction of
it with the band particles in the second layer to the
back as V3 (R, θ′ )=−Cf (R) (1 − cos θ′ ), where R is the
distance between 3 and the second layer and f (R) has
same functional form as mentioned
before. Therefore,
√
dθ′ /dt=+βDr f (R) sin θ′ + 2Dr η(t) such that θ′ tends
to increase for θ′ ∈(0, π) or decrease for θ′ ∈(−π, 0), indicating that its state with θ′ =0 is not stable against
random rotation. If θ′ exceeds some threshold value,
the velocity in the x-direction of 3 would become too
small to follow vb , such that it tends to leave the band
from behind. Note that V3 (R, θ′ )<0, indicating that
the particle 3 is adsorbed by the band. The velocity
of 3 in x-direction can be estimated as u3x =vp cos θ′ +
βDt [−∂r3x V3 (R, θ′ )]=vp cos θ′ +Cκ1 (1 − cos θ′ ), where
r3x is the x-component of r3 and fact has been used
that ∂r3x V3 =−∂R V3 , and κ1 =−βDt ∂R f (R)>0 is introduced for shorthand notation. The particle would leave
the band if u3x <vb , i.e., cos θ′ <(vb −Cκ1 )/(vp −Cκ1 )
deﬁning a so-called escape cone θ′ ∈ (α, 2π − α), where
α=cos−1 (vb −Cκ1 )/(vp −Cκ1 ). Therefore, the ﬂux out
the band (per unit length) can be calculated as
∫
kout = κ2

θ ′ ∈(α,2π−α)

(vb − u3x ) ρb p (θ′ ) dθ′

(13)

where κ2 is a ﬁtting parameter to account for other
modiﬁcations [38], ρb is the number density of the
swarming band and p (θ′ ) is the stationary distribution
of the orientation θ′ on the back surface of the band.
Clearly, if C is larger (stronger Janus interaction), α
would be larger and the particles are harder to leave,
indicating that kout is smaller which is more favorable
for the stability of the band. We note that this mechanism of ﬂux out the band is quite diﬀerent from that
of MIPS, wherein the ﬂux out of the static cluster is
mainly by random rotation and the particles in a static
cluster will leave the surface if its orientation points out
of the cluster such that kout is given by Dr /σ. In the
swarming situation discussed here, the ﬂux out of the
band is mainly contributed by drift.
For a steady swarming band, equating kin and kout
would yield a condition to solve the density ρg , which is
dependent on vp and C in a complicated manner. The
simple criteria, that the fraction of particles in the gas
phase would be less than one (such that high density
band must be formed), give that ϕc ≥ρg s0 allowing us to
decide the critical fraction ϕc for band formation, where
s0 =πσ 2 /4 is the area of a single particle. Generally, it
is easier for the band to form if kin is larger or kout is
smaller, such that ϕc would be smaller. According to
the analysis above, increasing activity vp would increase
kin , while increasing Janus interaction C would reduce
kout , indicating that ϕc would decrease with both vp and
C, in qualitative agreement with the simulation results
shown in FIG. 3.
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wherein the active force acts opposite to the attractive
interaction, also leads to a kind of repulsion-induced
alignment. If the active force is zero, Janus particles
attract each other and form small clusters with face-toface conﬁgurations. If the active force is large enough,
however, active force could pull the clusters apart and
push the particles along the repulsive (back) side, such
that the particles tends to be repulsive when they approach each other. Clearly, such a kind of repulsioninduced alignment would depend on the relative amplitude of the active force Fa and interaction strength C, a
fact which makes it feasible to tune the swarming states
in an eﬃcient way.
FIG. 7 Relationships between critical area fraction ϕc and
activity vp (equals to P e in value) for different anisotropic
interaction strength C, predicted by our kinetic model with
fitting parameters κ1 =1, κ2 =28. The curves reproduce the
essential features of the simulation observations, i.e., ϕc decreases monotonically with both C and vp . The inset graph
shows an example of the stationary distribution of θ′ on back
surface of the band for fixed parameters of vp =360 and C=9.

To obtain quantitative results, however, one must
know details about ρb and the distribution p (θ′ ) in
Eq.(13), which may also depend on vp and C. According to the simulation results shown in FIG. 4, ρb
is not sensitive to vp and C, and can thus be viewed
as a constant. Nevertheless, p (θ′ ) is not easy to calculate theoretically. In the inset graph of FIG. 7, we have
drawn the distribution p (θ′ ) on the back layer of the
band, obtained by direct simulations for ﬁxed values of
Janus strength C=9 and activity vp =360. As can be
seen, the distribution peaks at θ′ ≈0 mainly stay in the
range (0, π/2). This distribution supports the picture
that the particles leave the band via drift rather than
random rotation. Substituting these simulated data for
p (θ′ ) into Eq.(13), we can then obtain kout , and thus ϕc
by equating kin and kout . Finally, we can obtain the dependence of ϕc on C and vp with reasonable parameters
as depicted in FIG. 7. Clearly, the theoretical analysis
can reproduce the essential features of the simulation
results, i.e., ϕc decreases monotonically with C or vp .

To conclude, there is an emergence of swarming behaviors in active Janus particle system when the directions of activity and anisotropic interaction are opposite. By tuning the activity and anisotropic interaction
strength, we could control the collective states when
area fraction exceeds the critical value. The mechanism of phase-separation of polar band is quite diﬀerent
from motility-induced phase separation. On one hand,
for particles in front of the swarming band, anisotropic
interactions make them align with the swarming direction and the ﬂux into the band increases with particle
activity. On other hand, particles tend to drift out the
band from the back surface, which is harder when the
strength C of anisotropic interaction is larger.
These ﬁndings demonstrate the nontrivial roles of activity and anisotropic interaction. Commonly, the active Janus particles are synthesized by the Janus colloids coated with metal or amphiphilic polymer. The
BAP model we propose provides a conceptually new
approach to explore the collective behaviors of active
Janus system. To synthesize the BAPs experimentally, we suggest a protocol in which an isotropic particle can be coated by two diﬀerent layers of materials
separately with the aimed biased angle, one of which
produces anisotropic interaction and the other provides
self-propulsion. Therefore we believe that the system
of biased-active particles is worth further studying and
has a variety of new fascinating collective behaviors that
would open new perspectives for the design of smart active materials.

V. DISCUSSION AND CONCLUSION

In the literatures, there have been a few studies on
the swarming behaviors of active systems, both theoretically and experimentally [8, 9, 13, 14, 39, 40]. The key
factor that leads to directional swarming is the alignment of neighboring particles. Such alignment can result from a simple rule such as that in the pioneer Vicsek
model, or caused by repulsion of particles and collisions.
In our system, the formation of swarming also results
from particle alignment as investigated in detail in Section IV. The particles in front of the swarming band
will ﬁnally align with the band due to the anisotropic
interaction. Actually, the speciﬁc setting of our model,
DOI:10.1063/1674-0068/cjcp2003037
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K. Yoshikawa, H. Chaté, and K. Oiwa, Nature 483,
448 (2012).
[14] J. Yan, M. Han, J. Zhang, C. Xu, E. Luijten, and
S. Granick, Nat. Mater. 15, 1095 (2016).
[15] A. Bricard, J. B. Caussin, N. Desreumaux, O. Dauchot,
and D. Bartolo, Nature 503, 95 (2013).
[16] R. Dreyfus, J. Baudry, M. L. Roper, M. Fermigier, H. A.
Stone, and J. Bibette, Nature 437, 862 (2005).
[17] L. Baraban, M. Tasinkevych, M. Popescu, S. Sanchez,
S. Dietrich, and O. Schmidt, Soft Matter 8, 48 (2012).
[18] G. Volpe, I. Buttinoni, D. Vogt, H. J. Kümmerer, and
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