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The dynamics of tripartite entanglement and intramolecular energy for one harmonic- and
two anharmonic-vibrational modes in a symmetric trimer molecule is studied for various initial states, where the entanglement is quantified in terms of concurrence and the interacting
energy among three modes is calculated to establish a link between entanglement and energy. It is shown that the concurrence and the interacting energy behave dominantly positive
correlation for the localized state in the anharmonic-vibrational mode, while they are dominantly anti-correlated for the localized state in the harmonic-vibrational mode. The relation
between bipartite entanglement and the energy in a subsystem is discussed as well. Those are
useful for quantum computing and quantum information in high dimensional states prepared
in polyatomic molecules.
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the entanglement is measured by concurrence [13], and
the intramolecular energy is given by the interacting
energy among three vibrational modes in this molecule.
Consequently, the relation between both quantities can
be established for those states. What is more, the concurrence for a pure state is quantified in terms of quantum entropies of subsystems, which will be defined below. Such entropies not only present the information
of individual subsystem, but also indicate the amount
of bipartite entanglement between this subsystem and
the remains of subsystems in the case of multipartite
pure sates. That inspires us to compare the dynamics
of bipartite entanglement with that of the energy in a
subsystem. Hamiltonian are given for three vibrational
modes in a symmetric trimer molecule in which the definitions of the concurrence and the interacting energy
are presented. The time evolution of both quantities
for various initial states with the localized excitations
in single vibrational mode is discussed with the dislocalized excitations in all three vibrational modes.

I. INTRODUCTION

In recent years, considerable effort has been devoted
to studying the dynamics of entanglement and energy in
a composite system due to its important role in quantum information science. For example, the entanglement indicated by the von Neuamnn entropy [1], the
linear entropy [2], the relative entropy [3], and so forth
is intensively and extensively characterized for bipartite pure states [4]. The dynamics of energy in two
anharmonic oscillators is investigated in terms of classical and quantum mechanics [5], where explicit conditions are presented for the complete energy exchange
via 1:1 or 1:2 resonance between two modes. Moreover, the connection between entanglement entropy and
energy transfer is analyzed for integrable [6] and nonintegrable [7] systems. Recently, such connection has
been further considered for various quantum states in
small polyatomic molecules [8, 9]. It has been shown
that entropy and energy can display dynamical correlation under suitable conditions [8, 9]. Additionally,
the dynamics [10] and the control [11] of entanglement
have been studied for other systems. Those investigations [5–11] are, however, concentrated on a bipartite
system. It is thus interesting and necessary to explore
the dynamical correlation between entanglement and
energy in a multipartite system.
We investigate the dynamics of tripartite entanglement and intramolecular energy for vibrationally localized states in a symmetric trimer molecule [12], where

II. MODEL AND DEFINITION

The Hamiltonian is given as [12]:
H=

i=1

a†i ai +

]
1[ † 2
(a1 a1 ) + (a†2 a2 )2 +
2

β(a†1 a2 + a†2 a1 ) + γ(a†1 a3 + a†2 a3 + c.c.)

(1)

where β is the coupling inside the dimer (anharmonicvibrational modes 1 and 2) and γ is the coupling between the dimer and harmonic-vibrational mode 3.
This Hamiltonian conserves the total boson number
N = a†1 a2 + a†2 a2 + a†3 a3 , and thus we can diagonalize
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Eq.(1) in the basis of eigenfunctions of N . The eigenfunctions are products of the number states |n⟩ of each
degree of freedom, |n1 ⟩ ⊗ |n2 ⟩ ⊗ |n3 ⟩=|n1 , n2 , n3 ⟩, where
ni is the number of bosons in mode i. Moreover, the
Hamiltonian is symmetric under permutation between
modes 1 and 2.
The trimer model and its variants not only have been
used for the description of vibrational spectra [14], but
also have been extensively investigated for classical and
quantum properties in a triple-well condensate. In particular, Flach and his coworkers have investigated quantum dynamics of localized excitations in a symmetric
trimer molecule, showing that local excitations can be
strongly localized forever, similar to their classical counterparts [12, 15]. Moreover, the dynamics of particle
numbers in variants of such trimer model has been characterized in terms of quantum and semi-classical mechanics [16, 17]. Those studies are, however, limited to
the dynamics of oscillations [16–18] in particle numbers
for specific states. To the best of our knowledge, the
dynamics of tripartite entanglement and the interacting energy is little known for a high-dimensional state
in those models.
With regard to several measures of tripartite entanglement, we choose concurrence [13] to quantify tripartite entanglement in the system of interest for its wide
applicability as well as its efficient simulation for pure
states in an arbitrary tripartite system [13]. In particular, the concurrence pure state |ψ⟩ is expressed in terms
of the linear entropy of subsystems, which is defined as
[13]:
(
C=

3
∑

)1/2
Si

(2)

i=1

Si = 1 − Trρi 2

(3)

where Si is the linear entropy of subsystem i (i=1, 2,
and 3) and ρi is its density matrix, which is obtained via
reducing other two subsystems from full density matrix
ρ = |ψ⟩⟨ψ|.
For a mixed state ρ the concurrence is given by:
∑
C=inf
pk C(ψk )
(4)
k

with the infimum being determined among all sets
of probabilities
pk and pure states |ψk ⟩, such that
∑
ρ = k pk |ψk ⟩⟨ψk |. Because such an optimization is
very difficult to solve exactly [13], the simulation of such
concurrence for mixed states will have to wait for the
development in the theory of both optimization and entanglement for multipartite systems. Nevertheless, our
calculations that will be presented for high dimensional
states can be regarded as an alternative with potential connections to actual experiments, other than the
systems more usually used in the field of tripartite entanglement in three qubits [19].
DOI:10.1063/1674-0068/29/cjcp1507148

In order to explore the dynamics of intramolecular
energy, we are able to study the dynamics of population
of an initial excitation [20], or directly investigate the
time evolution of energy in every vibrational mode. For
the energy of a vibrational subsystem we would like to
inspect the mean value of the relevant restriction of the
free Hamiltonian,
Ei = Tr(ρHi )
1
Hi = a†i ai + (a†i ai )2 , i = 1, 2
2
Hi = a†3 a3 ,
i=3

(5)
(6)
(7)

Therefore, of particular interest is the interacting energy, given as:
[ (
)]
∑
E=Tr ρ H −
Hi
(8)
i

where H is the total Hamiltonian given by Eq.(1). In
what follows, we shall examine the dynamics of the interacting energy and the concurrence for several initial
states in the trimer. Moreover, we shall discuss the dynamics of bipartite entanglement and the energy in the
related subsystem.
III. DYNAMICS OF TRIPARTITE ENTANGLEMENT
AND INTERACTING ENERGY

Once the model and the definitions of concurrence
and energy are presented, we are able to inspect the
time evolution of both quantities for an initial state.
Of particular interest is the initial state taken to be
the localized state with excitations in single mode and
no excitations in other two modes. Therefore, we have
two kinds of localized excitations in modes 1 and 3,
respectively. Moreover, the molecule prepared in the
localized state is more suitable for quantum computation [8], where the bipartite entanglement has been discussed. It is thus of interest to study the behaviors of
tripartite entanglement for two kinds of localized states
in the trimer. Additionally, we shall consider the results for a typical dislocalized state with the equal or
nearly equal excitations in every mode. It is straightforward to discuss the dynamics of the concurrence and
the interacting energy for other initial states.
For an initial state |ψ(0)⟩ and |ψ(t)⟩ evolves in time
under the action of Hamiltonian Eq.(1) as:
|ψ(t)⟩ = e−iHt |ψ(0)⟩

(9)

and the related density matrix is available via
ρ(t) = |ψ(t)⟩⟨ψ(t)|. Hence, we can examine the time
evolution of the concurrence and the interacting energy, provided that the model parameters in Hamiltonian Eq.(1) are known. In the following numerical simulations, we take model parameters to be β=2.0 and
γ=1.0, as done by Pinto and Flach [12].
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FIG. 1 Concurrence C(t) (solid line) and interacting energy E(t) (dashed line) for different initial states (a) |10, 0, 0⟩,
(b) |15, 0, 0⟩, (c) |0, 0, 10⟩, (d) |0, 0, 15⟩, (e) |3, 3, 4⟩, and (f) |5, 5, 5⟩, where four former states are the localized states in
modes 1 and 3, respectively, two latter states are the dislocalized states, and the energy is dimensionless and scaled.

Figure 1 shows concurrence C(t) and interacting
energy E(t) in the trimer for different initial states
|10, 0, 0⟩, |15, 0, 0⟩, |0, 0, 10⟩, |0, 0, 15⟩, |3, 3, 4⟩, and
|5, 5, 5⟩, where two former pairs are the localized states
in modes 1 and 3, respectively, the latter is the dislocalized state, and the energy is scaled. Some observations
in Fig.1 are in order.
First, we consider the increasing rates of both quantities in the early-time evolution. For the same excitation,
the increasing rate of the concurrence in the localized
state in mode 1 is larger than that in the localized state
in mode 3, while it is the largest in the dislocalized state
|5, 5, 5⟩ (Fig.1(f)). As soon as a non-correlated state
starts to evolve, the correlated states have contributed
to the concurrence due to the interactions among three
modes. That implies that the concurrence of the dislocalized state can be used to indicate chaos and decoherence in a multipartite system, as demonstrated
in a bipartite system [21], which deserves future work.
Moreover, for those three kinds of initial states the increasing rate of the concurrence increases with higher
excitations. Remarkably, the increasing rate of the interacting energy is positive for the localized states in
mode 1, while that is negative for the localized states
in mode 3 and the dislocalized states, suggesting that
the initial energy in mode 3 is transferred into the energy in other two modes via interactions.
Second, we discuss the difference in both quantities
among those initial states. The time-evolution of both
quantities can exhibit the irregular or quasi-periodic behavior that depends on an initial state, where the amDOI:10.1063/1674-0068/29/cjcp1507148

plitude of the concurrence is the largest for the localized
state, whereas that is the smallest for the dislocalized
states. Moreover, both quantities for the localized state
with high excitations in mode 1 can reveal more nicely
quasi-periodic. However, the oscillation of the concurrence is more faster than that of the interaction energy.
That can be regarded as an extension of previous work
on the dynamical difference in bipartite entanglement
for various pure states in small molecules [8, 9].
Third, we examine the dynamical correlation of both
quantities. We can observe that there are two kinds
of correlations between the entanglement and the energy in Fig.1. The first kind of correlation means that
both quantities rise and lower together as time evolves,
while the second means that one quantity increases at
the same time as another decreases or vice versa. It is
seen that the concurrence and the interacting energy are
dominant-positively correlated for the localized states
in mode 1, while both quantities are dominantly anticorrelated for the localized states in mode 3. Such a
positive- or anti- correlation indicates that the interacting energy can offer the information of tripartite entanglement. In particular, the energy and the concurrence
have nearly the same step (see Fig.1(b)). However, the
positive- and anti-correlated behaviors between both
quantities become irregular for the dislocalized states,
shown in Fig.1 (e) and (f). That represents the first
step forward to establish the relations of physical quantities in the trimer from quantum information theory
and molecular physics.
Finally, it would be remarked that more calculations
c
⃝2016
Chinese Physical Society

190

Chin. J. Chem. Phys., Vol. 29, No. 2

Di Yi et al.

FIG. 2 Linear entropy Si (t) (solid line) and energy Ei (t) (dashed line) in different modes (a) and (b) i=1, (b) and (c) i=2,
and (e) and (f) i=3 for two different initial states (a, c, e) |10, 0, 0⟩ and (b, d, f) |15, 0, 0⟩ with initial excitations in mode 1,
where the interacting energy is scaled, and the initial energy is removed.

we made for other initial states and model parameters
show that the dominantly positive- or anti- correlations
remain for the localized states in both modes 1 and 3.
In particular, the higher the initial excitations are, the
more distinct the positive- (anti-) correlation is for the
localized states in mode 1 (3) in the model with strong
couplings.
IV. DYNAMICS OF BIPARTITE ENTANGLEMENT
AND ENERGY

The possibility of bipartitioning a multipartite system allows us to discuss the relationship between bipartite entanglement and energy. Actually, we have calculated the linear entropies of subsystems in the trimer.
Those entropies describe the information of individual
subsystem and also present the content of bipartite entanglement between this subsystem and other two subsystems in the case of pure states. It is thus of importance to study the dynamics of bipartite entanglement
and the energy in the subsystem of interest. It should
be mentioned that it has been analyzed the dynamics of
bipartite entanglement in the special case of the trimer
with parameter γ=0 [22]. However, the dynamical correlation between bipartite entanglement and energy for
high dimensional pure states has not yet been considered in a tripartite system.
Figure 2 shows the dynamics of Si and Ei in different mode i, i=1, 2, and 3 for two different initial state
|10, 0, 0⟩ and |15, 0, 0⟩ with initial excitations in mode
1, where the interacting energy is scaled with different
magnitudes, and the initial energy is removed. ComDOI:10.1063/1674-0068/29/cjcp1507148

paring the left column with the right column in Fig.2,
one can note the increasing rate of entropy in the earlytime evolution enhances as the initial excitation in mode
1 is higher, whereas the maximal entropy of bipartite
entanglement decreases, and the entropy together with
the rate in mode 1 is maximal. That suggests that bipartite entanglement in the tripartite system strongly
depends on how to divide this system into two partitions, and initial excitations in one mode are helpful to
the bipartite entanglement between this mode and remains. The increasing rate of energy in modes 2 and 3
in the early-time evolution behaves as the same as the
corresponding entropy. However, the increasing rate of
the energy in the mode 1 is negative, which implies
that the energy in this mode is transferred into that
in other two modes via the interactions among three
modes. Moreover, entropy and energy in modes 2 and
3 are dominant-positively correlated, whereas the entropy in mode 1 is dominant anti-correlation with the
energy in this mode. Such positive- or anti-correlation
between entanglement entropy and energy is more distinct as the localized excitation in mode 1 is higher,
which implies that the energy can offer the information
of bipartite entanglement.
Figure 3 is similar to Fig.2, but here is for two different initial states |0, 0, 10⟩ and |0, 0, 15⟩ with initial
excitations in mode 3. Note that for such states S2 =S1
and E2 =E1 due to the symmetry between mode 1 and
2. Contrary to the initial excitation in mode 1, the maximal entropy of bipartite entanglement increases as the
initial excitation grows in mode 3. Moreover, the entropy in mode 1 is dominantly positive correlation with
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FIG. 3 Linear entropy Si (t) (solid line) and energy Ei (t) (dashed line) for two different localized states (a) and (c) |0, 0, 10⟩
and (b) and (d) |0, 0, 15⟩ with initial excitations in mode 3.

FIG. 4 Linear entropy Si (t) (solid line) and energy Ei (t) (dashed line) for two typical dislocalized states (a) and (c) |3, 3, 4⟩
and (b) and (d) |5, 5, 5⟩.

the energy in this mode, while the entropy in mode 3
displays dominant anti-correlation with the energy in
mode 3. However, the bipartite entanglement entropy
is more irregular than the energy, which comes from
their definitions.
Figure 4 shows the same as in Fig.3, but here is for
two typical dislocalized states (a,c) |3, 3, 4⟩ and (b,d)
|5, 5, 5⟩ , and S2 =S1 and E2 =E1 since the model is invariant under permutation of modes 1 and 2. For the
given total quantum number, the increasing rate of entropy in the early-time evolution for the dislocalized
state is larger than that for the localized state, where
such rate and the maximal entropy of bipartite entanglement increase with the increase of the total quantum
number. However, the oscillations of entropy and energy are more irregular since the dislocalized state starts
to interact with more states as soon as the time evolves.
DOI:10.1063/1674-0068/29/cjcp1507148

Differently from the localized state, the positive- or
anti- correlation between entropy and energy occurs irregularly in turn for the dislocalized states |3, 3, 4⟩ and
|5, 5, 5⟩.
At last, we would like to state that more simulations
we carried out for other initial states, and model parameters demonstrate that the above conclusions can
be applied. Moreover, the positive- or anti-correlation
between the bipartite entanglement entropy and the energy in a subsystem is more dominant for the localized
state with higher excitations in individual mode in the
trimer model with strong interactions.
V. CONCLUSION AND DISCUSSION

We have studied the dynamical properties of quantum entanglement and intramolecular energy for the
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localized state in an important trimer model. We have
considered the tripartite and the bipartite entanglement measured in terms of concurrence [13] and the linear entropy [2], respectively, both of which are widely
used in the theory of quantum information. The interacting energy and the energy in a subsystem are
calculated for the construction of a possible connection between entanglement and energy. It is shown
that the concurrence and the interacting energy are
dominant-positively correlated for the localized states
in mode 1, while they are dominantly anti-correlated
for such states in mode 3. Moreover, as the trimer is
bipartitioned, the linear entropy in an excited mode is
dominantly positive correlation with the energy in this
mode, while the linear entropy reveals dominant anticorrelation with the energy in other modes without any
excitation. The positive- or anti-correlation between
entanglement and energy is more dominant for the localized state with higher excitations in individual mode
in the trimer model with strong interactions. However,
such correlation happens irregularly in turn for the disloclized states. We believe that the correlated dynamics is useful for the understanding of the complicated
entanglement for high dimensional states in tripartite
molecules from bipartite entanglement and intramolecular energy.
It is worthwhile to employ those properties of bipartite and tripartite entanglement for molecular quantum
computing [23]. It is possible to discuss the dynamics of
quantum correlation and coherence [24] in polyatomic
molecules.
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